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The purpose of t h i s  s tudy i s  t o  i n v e s t i g a t e  both  t h e o r e t i c a l l y  and 
experimental ly  t h e  s a t u r a t i o n  c h a r a c t e r i s t i c s  of beam-plasma devices .  The 
ga in ,  power output ,  e f f i c i e n c y  and t h e  magnitude of t h e  h igher  harmonic 
components t h a t  p e r t a i n  t o  such devices  a r e  of p a r t i c u l a r  i n t e r e s t .  
The geometry t r e a t e d  i n  t h i s  s tudy c o n s i s t s  of a c y l i n d r i c a l  plasma 
column which serves  a s  a  slow-wave c i r c u i t  a long which electromagnet ic  
energy can propagate.  A c y l i n d r i c a l  e l e c t r o n  s t ream is  assumed t o  be 
concent r ic  with the  plasma column. Amplif icat ion of a n  RF s i g n a l  t a k e s  
p lace  when a  f r a c t i o n  of t h e  k i n e t i c  energy of t he  s t ream e l e c t r o n s  is  
converted i n t o  RF wave energy. 
The plasma i s  assumed t o  remain l i n e a r  during t h e  i n t e r a c t i o n  process  
s o  t h a t  it i s  poss ib l e  t o  der ive  a n  equiva len t  c i r c u i t  f o r  which t h e  var ious  
elements a r e  given i n  terms of t h e  plasma parameters.  Beam and plasma 
c o l l i s i o n s  a r e  included i n  t h e  a n a l y s i s  and g ive  r i s e  t o  l o s s y  elements i n  
t h e  equiva len t  c i r c u i t .  The e l e c t r o n  s t ream is shown t o  become nonl inear  
much more e a s i l y  t h a n  t h e  plasma s o  t h a t  it i s  j u s t i f i a b l e  t o  t r e a t  only 
t h e  stream i n  a nonl inear  fash ion .  A Lagrangian ( b a l l i s t i c )  a n a l y s i s  i s  
used t o  c a l c u l a t e  t h e  t r a j e c t o r i e s  of t h e  var ious  charge groups i n t o  which 
t h e  e l e c t r o n  s t ream is subdivided. One- a s  we l l  a s  two-dimensional s t ream 
models a r e  used.  A d i g i t a l  computer is  employed t o  c a l c u l a t e  both t h e  
charge group t r a j e c t o r i e s  and t h e  RF cu r ren t s  and c i r c u i t  vo l tages  of t h e  
fundamental s i g n a l  and i t s  harmonics generated by the  nonl inear  opera t ion .  
Intermodulat ion and cross-modulation e f f e c t s  i n  mu l t i s igna l  ope ra t ion  a r e  
a l s o  s tudied .  
An experimental  t e s t  veh ic l e  i s  descr ibed  which permi ts  c o r r e l a t i o n  
of t h e  t h e o r e t i c a l l y  ca l cu la t ed  r e s u l t s  with those obta inable  from an  
a c t u a l  beam-plasma i n t e r a c t i o n .  A xenon plasma column 10 .5  cm long is 
genera ted  by e i t h e r  a hot  cathode Penning d ischarge  o r  by i o n i z a t i o n  due t o  
t h e  beam e l e c t r o n s  pass ing  through the xenon gas .  Values of e l e c t r o n i c  g a i n  
a s  high a s  35 dE i n  t h e  v i c i n i t y  of 2.0 GHz a r e  obtained experimental ly  by 
t h e  l a t t e r  scheme. Harmonic components through t h e  f i f t h  a r e  observed wi th  
t h e  second harmonic being only 5 dB below t h e  fundamental under c e r t a i n  
condi t ions .  When c o l l i s i o n  e f f e c t s  a r e  taken  i n t o  account i n  t h e  t h e o r e t i c a l  
c a l c u l a t i o n s ,  it is  shown t h a t  t h e  agreement wi th  t h e  exper imenta l ly  observed 
va lues  i s  q u i t e  good f o r  t h e  cases  t h a t  can be compared. 
Coupling of RF energy i n t o  and out  of t h e  beam-plasma device i s  
considered i n  d e t a i l  t h e o r e t i c a l l y  and experimental ly .  Shor t  s e c t i o n s  of 
a  slow-wave s t r u c t u r e  outs ide  of t h e  plasma reg ion  a r e  used i n  t h e  device 
under t e s t  f o r  much of t h e  experimental  work. Another coupling scheme 
making use of quas i -op t i ca l  techniques i s  a  s e t  of e l l i p t i c  c a v i t y  couplers .  
These a r e  found t o  y i e l d  a  coupling l o s s  of only 10 t o  15 dB per  coupler  
over a  frequency range of s l i g h t l y  g r e a t e r  t han  20 percent  i n  t h e  low 
S-band frequency reg ion .  This coupling approach i s  much l e s s  l o s s y  than  
most o ther  methods employed previous ly .  E f f o r t s  t o  use t h e s e  couplers  
f o r  RF a m p l i f i c a t i o n  measurements a r e  shown t o  be unsuccessful  due t o  
cathode poisoning a t  t h e  higher  gas pressures  requi red .  
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CHAPTEX I. INTRODUCTION 
1.1 H i s t o r i c a l  Survey and Cr i t i que  
- -
1.1.1 General Descr ip t ion  of Plasmas and -- Beam-Plasma I n t e r a c t i o n s .  
If t h e  temperature of a gas is  r a i s e d  t o  a  s u f f i c i e n t l y  high value,  t h e  
thermal  a g i t a t i o n  of t h e  gas p a r t i c l e s  may be s o  l a r g e  t h a t  e l e c t r o n s  a r e  
s t r i p p e d  o f f  by t h e  c o l l i s i o n s  among t h e  p a r t i c l e s .  The dynamical behavior  
of t h e  gas  may then  become dominated by the  long-range electromagnet ic  
fo rces  a c t i n g  on t h e  f r e e  ions and e l e c t r o n s .  The behavior of such a f l u i d  
d i f f e r s  s u f f i c i e n t l y  from t h a t  of an  ord inary  gas t o  warrant t h e  i n t r o -  
duc t ion  of  a new name, t h e  "plasma ." A plasma i s  t hus  an  assembly of 
charged p a r t i c l e s  with a d d i t i o n a l  c h a r a c t e r i s t i c s  t o  be descr ibed  more 
f u l l y  i n  t h e  fol lowing paragraphs. 
The e l e c t r i c  and magnetic f i e l d s  of such a n  assembly of charged 
p a r t i c l e s  may add toge the r  i n  a coherent way, provided t h e  dens i ty  of t h e  
charged p a r t i c l e s  i s  s u f f i c i e n t l y  g r e a t  so  t h a t  space-charge e f f e c t s  
dominate. This i s  a  very  gene ra l  p roviso  and does not neces sa r i l y  depend 
upon t h e  degree of i o n i z a t i o n  of t h e  assembly of charged p a r t i c l e s  o r  i t s  
n e u t r a l i t y .  As a n  example, it i s  we l l  known t h a t  a n  unneut ra l ized  
e l e c t r o n  beam behaves i n  many r e spec t s  l i k e  a plasma. Ordinar i ly ,  when 
one speaks of a plasma, however, g ross  charge n e u t r a l i t y  i s  assumed t o  
e x i s t .  The tendency toward quas i -neu t r a l i t y  i s  very s t rong  because t h e  
fo rces  on t h e  ind iv idua l  p a r t i c l e s  a r e  always i n  a  d i r e c t i o n  t o  reduce 
the  space-charge dens i ty .  Thus a  more l i m i t e d  d e f i n i t i o n  of a  plasma 
includes quas i -neu t r a l i t y .  
S t a t i s t i c a l l y  speaking, a  sh i e ld ing  cloud forms around each 
ion ized  p a r t i c l e  i n  t h e  plasma so  a s  t o  cance l  out t h e  e l e c t r i c  p o t e n t i a l  
of t h a t  p a r t i c l e  a t  a s u f f i c i e n t l y  l a r g e  d i s t ance  from it. This d i s t ance  
i s  known a s  t h e  Debye length ,  a  concept developed i n  t h e  s tudy of 
e l e c t r o l y t e s  by P, Debye, and i s  given by 
where T i s  t h e  temperature i n  O K  cha rac t e r i z ing  t h e  motion of t h e  
p a r t i c l e s ,  n  is t h e  p a r t i c l e  dens i ty  i n  particles/m3, q i s  t h e  charge of 
t h e  p a r t i c l e s ,  k  i s  Boltzmannls constant ,  1 . 3 8 0 . 1 0 - ~ ~  J/'K, and eo  i s  t h e  
p e r m i t t i v i t y  of f r e e  space, 8 . 8 5 4 - 1 0 - ~ ~  / m .  Thus t h e  Debye l eng th  i s  a 
fundamental parameter i n  plasma physics  because any c o l l e c t i o n  of charged 
p a r t i c l e s  can be c a l l e d  a plasma only i f  i t s  dimensions a r e  much l a r g e r  
t han  a  Debye length .  
The d i scuss ion  above i s  s ens ib l e  only i f  t h e r e  a r e  many charged 
p a r t i c l e s  i n  a  Debye sphere.  This implies  t h a t  
where N i s  t h e  number of p a r t i c l e s  i n  a  Debye sphere.  I n  h igh ly  ion ized  D 
gases,  which a r e  of i n t e r e s t  i n  t h i s  d i scuss ion ,  Eq. 1 . 2  i s  always s a t i s -  
-113 f i e d .  Taking t h e  spacing between t h e  ionized p a r t i c l e s  t o  be L r n , 
t h e n  t h e  average p o t e n t i a l  energy i s  given by 
while  t h e  mean k i n e t i c  energy i s  kT. From Eqs. 1.1 through 1.3 one 
ob ta ins  
and so f o r  a plasma, 
It appears  reasonable t h a t  i f  a n  ion ized  gas i s  not  t o  recombine, t h e  
k i n e t i c  energy should be g r e a t e r  t han  t h e  p o t e n t i a l  energy. 
Plasma phys ics  became a recognizable  f i e l d  of s tudy wi th  t h e  work 
of Tonks and ~ a n ~ m u i r , '  who observed o s c i l l a t i o n s  i n  a plasma of e l e c t r o n s  
and p o s i t i v e  ions .  These au thors  neglec ted  t h e  thermal  v e l o c i t i e s  of t h e  
e l ec t rons  and descr ibed  t h e  o s c i l l a t i o n s  observed as displacements of 
groups of e l ec t rons  wi th  r e spec t  t o  a  background of p o s i t i v e  ions.  They 
e s t a b l i s h e d  t h e  w e l l  known r e l a t i o n s h i p  f o r  t hese  c h a r a c t e r i s t i c  
o s c i l l a t i o n s  or  "plasma o s c i l l a t i o n s "  a s  
where w i s  t h e  frequency of o sc i l l a t , i on  i n  rad /s ,  n  i s  t h e  e l e c t r o n  
P  
dens i ty  i n  electrons/m3, e  and m a r e  t h e  charge and mass, r e spec t ive ly ,  
of t h e  e l ec t ron ,  and E i s  t h e  p e r m i t t i v i t y  of  f r e e  space. 
0 
The modern theory  of plasma osc i l l ak ions  had i t s  r e a l  beginning 
around l g p  with t h e  work of Bohm and ~ r o s s , ~ - *  who d iscussed  e l e c t r o n  
o s c i l l a t i o n s  a s s o c i a t e d  with t h e  presence of  e l e c t r o s t a t i c  p o t e n t i a l  waves 
i n  a  plasma. These au thors  considered t h e  e f f e c t s  of random thermal  
motion, c o l l i s i o n s ,  boundaries of t h e i r  plasma model, and t h e  presence of 
e l e c t r o n  beams. A p r e d i c t i o n  of t h e  Bohm and Gross theory  was t h a t  an  
e l e c t r o n  beam s e n t  through a homogeneous plasma should e x c i t e  plasma 
o s c i l l a t i o n s .  The experimental r e s u l t s  of Merr ill and webb5 descr ibed  
i n  1939 and a l s o  those  of Looney and ~rown,"  t h e  l a t t e r  appearing t o  be 
i n  disagreement wi th  t h e  Bohm and Gross theory ,  i n  f a c t  s u b s t a n t i a t e  t h e  
theory  of Bohm and Gross. The apparent  paradox between t h e  Looney and 
Brown r e s u l t s  and t h e  Bohm and Gross theory  was reso lved  by ~ t u r r o c k , ~  
who was among t h e  f i r s t  t o  work out  a sys temat ic  procedure of i n t e r p r e t i n g  
d i spe r s ion  laws f o r  plasma models such a s  those  analyzed by Bohm and 
Gross. 
1 . 1 . 2  Wave Propagation Through Plasmas. I n  a n  elementary plasma 
--
model t h e  smal l  d i s turbances ,  which always o s c i l l a t e  a t  t h e  plasma 
frequency, do not propagate away from t h e i r  po in t  of o r i g i n .  Since t h e  
convect ion cu r ren t  of t h e  e l ec t rons  is  exac t ly  cance l led  by t h e  d i sp l ace -  
ment cu r r en t ,  t h e r e  i s  no magnetic f i e l d  a s s o c i a t e d  wi th  t h e  o s c i l l a t o r y  
motion; hence t h e  d is turbances  remain loca l i zed .  I f  t h e  plasma e l e c t r o n s  
have a f i n i t e  temperature,  however, t h e s e  d is turbances  do propagate away 
from t h e i r  p o i n t  of  o r i g i n  with a v e l o c i t y  comparable t o  t h e i r  thermal  
speed . 
If t h e  d is turbance  has a f i x e d  wavelength i n i t i a l l y ,  t hen  t h e  
energy a s s o c i a t e d  wi th  t h i s  d i s turbance  can  d l f f u s e  i n t o  o the r  wavelengths 
by a process  of c o l l i s i o n l e s s  damping, gene ra l ly  known a s  Landau damping. 8 
F'hysically t h i s  damping process  i s  due t o  t h e  f a c t  t h a t  t h e r e  i s  a 
decreasing number of p a r t i c l e s  i n  h igher  v e l o c i t y  c l a s s e s .  Hence t h e r e  
a r e  s l i g h t l y  more p a r t i c l e s  t r a v e l i n g  more slowly compared wi th  t h e  
o r i g i n a l  d i s turbance  than  t h e r e  a r e  p a r t i c l e s  t r a v e l i n g  f a s t e r ,  r e s u l t i n g  
i n  a decrease of t h e  amplitude of t he  o r i g i n a l  d i s turbance .  
The electromagnet ic  waves t h a t  can propagate i n  a n  ion ized  medium 
a r e  f r equen t ly  s tud ied  by choosing a  simple zero-temperature plasma 
model. The response t o  an  o s c i l l a t i n g  RF f i e l d  is  accounted f o r  i n  terms 
of an equiva len t  charge-free frequency-dependent p e r m i t t i v i t y ,  E ,  given by 
f o r  a  homogeneous, i s o t r o p i c  plasma, where o i s  t h e  r ad i an  RF frequency. 
This equiva len t  p e r m i t t i v i t y  is  employed i n  t h e  u s u a l  way i n  t h e  s o l u t i o n  
of t h e  Maxwell f i e l d  equat ions.  When t h e  plasma i s  immersed i n  a magnetic 
f i e l d ,  t h e  p e r m i t t i v i t y  becomes both an i so t rop ic  and frequency-dependent, 
so t h a t  it i s  t hen  a t e n s o r  quan t i t y .  Solving Maxwell's equat ions,  a  
d i s p e r s i o n  equat ion  may be found which shows t h a t  e lectromagnet ic  waves 
do not propagate i n  a n  ionized gas below t h e  plasma frequency and t h a t  
t h e  plasma has  l i t t l e  e f f e c t  on t h e  waves a t  f requencies  much h igher  t h a n  
t h e  plasma frequency. 
Many models of a n a l y s i s  assume t h a t  t h e  c o l l i s i o n  frequency i s  
n e g l i g i b l e  compared wi th  t h e  RF wave frequency s o  t h a t  a n  e l e c t r o n  can 
o s c i l l a t e  many cyc le s  before it makes a c o l l i s i o n .  I n  those  models where 
t h i s  assumption i s  not  va l id ,  t h e  e f f e c t s  o f  c o l l i s i o n s  on t h e  damping 
of t h e  waves can be taken i n t o  account by assuming t h e  frequency t o  be 
complex and r ep lac ing  (u2 by w(w-jv), where v i s  t h e  r ad i an  c o l l i s i o n  
frequency. 
The propagat ion c h a r a c t e r i s t i c s  have been worked out i n  
considerable  d e t a i l  f o r  many such models. Regarding t h e  plasma a s  a  
d i e l e c t r i c  and so lv ing  the  r e s u l t i n g  f i e l d  equat ions,  Tr ive lp iece  and 
~ o u l d '  found t h a t  slow waves propagat ing on a  plasma of f i n i t e  t r ansve r se  
dimensions can e x i s t  even i n  t h e  absence of a d r i f t  motion or  thermal 
v e l o c i t i e s .  Their use of t h e  q u a s i s t a t i c  assumption was j u s t i f i e d  because 
t h e i r  model d i d  not include f a s t  waves. Bevc and ~ v e r h a r t l O  and ~ e v c ' l  
considered wave propagat ion i n  p lasma-f i l led  waveguides without t h i s  
r e s t r i c t i o n  and a l s o  considered t r ansve r se  magnetic waves. Cyclotron 
waves, which a r e  due t o  t h e  cyc lo t ron  frequency resonance (o r  gyro- 
resonance) ,  were a l s o  included i n  t h e i r  ana lyses .  It i s  a t  t h e  cyc lo t ron  
r ad ian  frequency, m t h a t  t h e  e l e c t r o n s  s p i r a l  about t h e  magnetic f i e l d  
c  ' 
l i n e s .  For e l e c t r o n s  
where e/m i s  t h e  charge-to-mass r a t i o  of t h e  e l e c t r o n  and B i s  t h e  
magnetic f i e l d  s t r e n g t h  i n  wb/m2. It should be noted t h a t  t h e  gyro- 
resonance f o r  ions i s  much lower i n  frequency than  f o r  e l ec t rons ,  due t o  
t h e  much h igher  mass of t h e  ions .  Consequently, t h e  ion  cyc lo t ron  waves 
w i l l  be of l i t t l e  i n t e r e s t  i n  t h e  present  s tudy.  
I n  a  plasma column not bounded by a  good conductor, sur face  waves 
of a n  incompressible na ture  can propagate i n  a d d i t i o n  t o  t h e  space-charge 
12-14 have a  f i n i t e  or  body waves d iscussed  so  f a r .  These sur face  waves 7 
e l e c t r i c  f i e l d  along the  a x i s  of a  c y l i n d r i c a l  model. The e l e c t r i c  
f i e l d  increases  r a d i a l l y  t o  t h e  plasma edge and then  d iscont inuous ly  f a l l s  
t o  zero a t  t h e  conducting w a l l .  I n  t hese  r e spec t s  t h e  su r f ace  wave i s  
s i m i l a r  t o  t h e  wave propagat ing along a  slow-wave s t r u c t u r e  i n  a  
traveling-wave ampl i f i e r .  Surface waves on a  plasma column i n  f r e e  space 
and i n  t h e  absence of a  magnetic f i e l d  propagate a t  v e l o c i t i e s  l e s s  than  
t h e  v e l o c i t y  of l i g h t  and have a  passband'* extending from m = 0 t o  
o = 0 / f i  The resonance frequency i s  a t  m = m / 6. When t h e  medium 
P P 
ou t s ide  t h e  plasma column i s  a  homogeneous i s o t r o p i c  d i e l e c t r i c  with 
d i e l e c t r i c  cons tan t  E,  t h e  resonance frequency i s  a t  
I f  a magnetic f i e l d  i s  p resent ,  two sur face  wave resonances occur .  For 
t h e  case of t h e  plasma column i n  f r e e  space with o >> cu one resonance 
P c e 
i s  a t  m = cu / a s  before .  The second one occurs a t  
1 P 
which i s  t h e  e l ec t ron - ion  hybr id  resonance, where w and oci a r e  t h e  
ce 
e l e c t r o n  and ion cyc lo t ron  f requencies  i n  rad /s ,  r e spec t ive ly .  
1.1.3 Harmonic Generation - i n  Plasmas. One of t h e  e a r l y  a p p l i -  
ca t ions  of a plasma discharge was i n  t h e  genera t ion  of harmonics. 
Margenau and ~ a r t m a n ' ~  considered t h i s  a spec t  t h e o r e t i c a l l y  f o r  e l e c t r o n s  
i n  a gas with a s inuso ida l  e l e c t r i c  f i e l d  appl ied .  One of t he  f i r s t  
experimental  i nves t iga t ions  of t h i s  problem was c a r r i e d  out  by Inada 
e t  a1.,16 who app l i ed  microwave power i n  t h e  order  of 25 wat ts  a t  a 
frequency near 3 . 0  GHz t o  a low-Q c a v i t y  conta in ing  t h e  plasma. The 
power l e v e l s  generated were 24, 29 and 34 dE below t h e  input  power a t  
t h e  second, t h i r d  and f o u r t h  harmonics, r e spec t ive ly .  
I f  an  electromagnet ic  wave i s  impressed on a uniform plasma in  
t h e  absence of any dc e l e c t r i c  f i e l d  and a cons tan t  (independent of 
p a r t i c l e  ve loc i ty )  e l e c t r o n  c o l l i s i o n  frequency i s  assumed, t hen  t h e r e  
i s  no harmonic genera t ion .  It was found, however, t h a t  i f  t h e  e f f e c t s  
of t h e  electromagnet ic  wave modulation of t h e  c o l l i s i o n  frequency, 
r e s u l t i n g  i n  a v e l o c i t y  dependent c o l l i s i o n  f requency, a r e  included, 
then  harmonic genera t ion  may be r e a l i z e d .  17,18 f ienz17 showed t h a t  t h e  
t h i r d  harmonic cu r r en t ,  f o r  example, r e s u l t i n g  from a v e l o c i t y  dependent 
c o l l i s i o n  frequency depends upon t h e  var ious  moments of t h e  s t a t i c ,  
i s o t r o p i c  p a r t  of t h e  e l e c t r o n  v e l o c i t y  d i s t r i b u t i o n  func t ion .  This 
e f f e c t  may be expected t o  be small  compared t o  nonl inear  phenomena, of 
which a  p a r t i c u l a r  type  w i l l  be considered below, because of t h e  
r e s i s t i v e  na tu re  of t h e  c o l l i s i o n s  p re sen t .  
1 .1 .4  Descr ip t ion  of E lec t ron  Beam-Plasma Systems. I n  a  
convent ional  microwave i n t e r a c t i o n  device making use of an e l e c t r o n  beam 
it i s  necessary t o  pass  t h e  beam c lose  t o  some form of a  m e t a l l i c  slow- 
wave c i r c u i t  o r  a  resonant  s t r u c t u r e  i n  order  t o  convert  a  f r a c t i o n  of 
t h e  energy i n  t h e  e l e c t r o n  beam i n t o  RF energy. A schematic diagram of 
a  p a r t i c u l a r  form of such a  system i s  shown i n  F ig .  1.1. The p h y s i c a l  
dimensions of t h e  i n t e r a c t i o n  s t r u c t u r e  must be comparable t o  a f r e e -  
space wavelength, i f  t he  i n t e r a c t i o n  i s  t o  be e f f i c i e n t .  Thus t h e  s i z e  
of t h e  e l e c t r o n  beam, and hence t h e  cu r r en t  t h a t  can be ca r r i ed ,  i s  
l imi t ed .  I n  a  beam-plasma system t h e  RF i n t e r a c t i o n  s t r u c t u r e  is  
rep laced  by a plasma, through which t h e  beam i s  allowed t o  pass .  
Consequently, t h e  beam and t h e  plasma a r e  i n t ima te ly  mixed and t h e  RF 
f i e l d s  do not  vary apprec iab ly  over t h e  c ros s - sec t iona l  a r e a  of t h e  beam. 
This r e l i e v e s  t h e  r e s t r i c t i o n  on t h e  beam diameter,  and a t  t h e  same 
time t h e  s i z e  r e s t r i c t i o n s  on a  me ta l l i c  s t r u c t u r e  i n  t h e  v i c i n i t y  of 
t h e  e l e c t r o n  beam may be g r e a t l y  a l l e v i a t e d .  These c h a r a c t e r i s t i c s  
make t h e  beam-plasma i n t e r a c t i o n  a t t r a c t i v e  a t  high power l e v e l s  and a t  
very high f requencies ,  such a s  mil l imeter  wavelengths. 
Except perhaps f o r  some very idea l i zed  and simple systems it i s  
impossible t o  p r e d i c t  by i n t u i t i o n  what type of i n t e r a c t i o n s  can t a k e  
p lace  i n  a  beam-plasma system. On t h e  o the r  hand, a  d e t a i l e d  s o l u t i o n  
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of t h e  boundary value problem descr ib ing  t h e  system f r equen t ly  becomes 
complicated and t ed ious .  I n  some cases  t h e  only information r equ i r ed  
i s  whether o r  not  an  RF s i g n a l  app l i ed  t o  a plasma device w i l l  grow o r  
decrease i n  amplitude o r  whether inherent  i n s t a b i l i t i e s  may be expected. 
For t h a t  purpose some methods have been developed which r e v e a l  t h i s  
information through an  examination of t h e  d i spe r s ion  equat ion,  which i s  
a n  a l g e b r a i c  equat ion i n  t h e  r ad i an  frequency, w, and t h e  propagat ion 
cons tan t ,  k. Both w and k a r e  complex q u a n t i t i e s  i n  genera l  and it i s  
common p r a c t i c e  t o  assume t h a t  t h e  system wave func t ion  has  a t ime and 
s p a t i a l  dependence of t h e  form e j(ot-kz) . ~ t u r r o c h ' s ~ ~  approach 
d i f f e r e n t i a t e s  between evanescent and propagat ing waves on t h e  one hand 
and growing waves o r  i n s t a b i l i t i e s  on the  o the r .  I n s t a b i l i t i e s ,  aga in ,  
may be d iv ided  i n t o  two c l a s s e s :  convective o r  amplifying and nonconvective 
o r  abso lu t e .  ~ u n e m a n , ' ~  too ,  was a b l e  t o  s epa ra t e  amplifying from 
evanescent modes f o r  c e r t a i n  phys i ca l  systems wi th  s p e c i f i e d  boundary 
condi t ions  a t  t h e  ends. 
The procedures descr ibed  by ~ r i g g s ~ l  and ~ u d a n ~ ~  a r e  s l i g h t l y  
d i f f e r e n t ,  a l though equiva len t ,  methods of ana lyz ing  a d i spe r s ion  r e l a t i o n  
i n  order  t o  determine t h e  type  of i n s t a b i l i t y  i n  a plasma. I n  both  cases ,  
if t h e  d i spe r s ion  equat ion y i e l d s  r e a l  values of w f o r  r e a l  values of k  
and r e a l  values of k f o r  r e a l  values of w, one concludes t h a t  t h e  waves 
a r e  pure ly  propagat ing and no i n s t a b i l i t y  e x i s t s .  I n  Br iggs ' s  method, 
a double r o o t  of k s epa ra t ing  t o  d i f f e r e n t  ha lves  of t h e  complex k-plane, 
a s  t h e  imaginary p a r t  of w approaches -m,indicates a n  abso lu t e  i n s t a b i l i t y .  
I f  a r e a l  value of w y i e l d s  a  complex value of k and t h e  imaginary p a r t  of 
k changes i t s  s i g n  a s  t h e  imaginary p a r t  of w approaches -w, t hen  t h e  
i n s t a b i l i t y  i s  convect ive.  I f  t h e  change i n  s i g n  does not  occur, t h e  
wave i s  evanescent.  
I n  Sudan's method it i s  necessary t o  examine t h e  c a u s a l i t y  o r  
noncausa l i ty  of t h e  r o o t s  of t h e  d i spe r s ion  equat ion.  Causa l i t y  of 
t h e  r o o t s  i s  necessary f o r  i n s t a b i l i t i e s  o r  evanescent waves t o  e x i s t .  
I f  d i s t i n c t  branch p o i n t s  of k e x i s t ,  a t  l e a s t  one of which must be i n  
t h e  lower h a l f  of t h e  a-plane,  t hen  t h e r e  i s  a nonconvective i n s t a b i l i t y .  
I f  t h e r e  a r e  no branch poin ts ,  bu t  t h e  r e a l  p a r t  of - j k  i s  g r e a t e r  than  
zero wi th  the  imaginary p a r t  of w equal  t o  zero,  then  a convective 
i n s t a b i l i t y  e x i s t s .  
The plasma necessary i n  a beam-plasma device may be produced by 
any one of a l a r g e  v a r i e t y  of discharges,  by contac t  i on iza t ion ,  o r  by 
t h e  e l e c t r o n  beam i t s e l f .  Getty and  mulli in^^ have looked a t  t h e  beam- 
generated plasma i n  d e t a i l .  The e l e c t r o n  beam, when turned  on, ion ized  
t h e  background gas and a f t e r  a few microseconds t h e  exc i t ed  plasma 
e l e c t r o n s  became t h e  dominant i on iza t ion  source.  I n  t h e i r  experiment a 
nonconvective i n s t a b i l i t y  i n i t i a t e d  RF o s c i l l a t i o n s ,  which f i r s t  appeared 
a t  t h e  e l e c t r o n  cyc lo t ron  frequency. Then a convect ive i n s t a b i l i t y  a t  
t h e  plasma frequency generated t h e  o s c i l l a t i o n s  t h a t  sus t a ined  t h e  
d ischarge .  Targ and ~ e v i n e , ~ *  a s  we l l  a s  ~ e d v a 1 1 , ~ ~  a l s o  s tud ied  beam- 
generated plasmas and r epor t ed  on t h e i r  c h a r a c t e r i s t i c s ,  such a s  plasma 
dens i ty ,  p ressure  ranges and t h e  frequency reg ions  of t h e  observed 
o s c i l l a t i o n s .  I n  f a c t ,  e l e c t r o n  beam e x c i t a t i o n  i s  employed exc lus ive ly  
i n  many beam-plasma systems and p a r t i a l l y  i n  many o the r s  i n  order  t o  
genera te  t h e  plasma. 
It i s  u s u a l l y  impossible t o  design an  experiment on a beam-plasma 
system i n  which t h e  plasma is  everywhere homogeneous. I n  a c y l i n d r i c a l  
geometry, f o r  example, t h e r e  a r e  u sua l ly  d e n s i t y  v a r i a t i o n s  i n  t h e  r a d i a l  
a s  w e l l  a s  t h e  a x i a l  d i r e c t i o n s .  12726727 Chorney and  adore^^ de r ived  a 
t y p i c a l  plasma dens i ty  p r o f i l e  f o r  a c y l i n d r i c a l  geometry and noted t h e  
agreement with experimental devices  t o  be q u i t e  good. They found t h a t  i n  
t h e  a x i a l  d i r e c t i o n  t h e r e  was a s inuso ida l  v a r i a t i o n  of dens i ty ,  wi th  t h e  
dens i ty  dropping t o  zero a t  t h e  metal end wa l l s .  I n  t h e  r a d i a l  d i r e c t i o n  
t h e  plasma extended by ambipolar d i f f u s i o n  i n t o  those  reg ions  where t h e r e  
was no ion iza t ion ,  wi th  t h e  dens i ty  aga in  dropping t o  zero a t  t h e  
conducting cy l inde r  wa l l s .  Nonuniformities i n  t h e  plasma d e n s i t y  make 
t h e o r e t i c a l  ana lyses  of r e a l i s t i c  l abo ra to ry  devices  considerably more 
d i f f i c u l t ,  bu t ,  a s  w i l l  be seen below, t h e s e  inhomogeneities may have 
b e n e f i c i a l  e f f e c t s  on t h e  coupling of RF energy t o  t h e  beam-plasma system. 
1 .2  Theory of Beam-Plasma I n t e r a c t i o n s  
-
Linear  Beam-Plasma Theories.  I f  a n  e l e c t r o n  beam i s  i n t r o -  
duced i n t o  a plasma, a n  i n t e r a c t i o n  may t ake  p l ace  between t h e  beam and 
t h e  plasma, a s  has  a l r eady  been mentioned. Combining t h e  terminology of 
plasma physics  wi th  t h a t  of t h e  microwave tube  f i e l d ,  t h e  beam-plasma 
device i s  a n  ampl i f i e r  i f  a convective i n s t a b i l i t y  e x i s t s ,  while it i s  
an  o s c i l l a t o r  i f  a nonconvective i n s t a b i l i t y  e x i s t s .  Boyd e t  a1.29 
conducted t h e  f i r s t  conclusive experiments demonstrating microwave ampli- 
f i c a t i o n  when a n  e l e c t r o n  beam i s  passed through a n  a r c  d ischarge  plasma. 
They showed t h a t  ampl i f i ca t ion  occurred a t  f requencies  below the  plasma 
frequency, f reached a peak a t  f and extended t o  s l i g h t l y  higher  
P , P 
frequencies  depending upon c o l l i s i o n s  and v e l o c i t y  d i s t r i b u t i o n s  of t h e  
e l e c t r o n s  i n  t h e  beam and t h e  plasma. S h o r t l y  t h e r e a f t e r  Bogdanov e t  alq30 
repor t ed  on s i m i l a r  work i n  which ampl i f i ca t ions  of 20-40 dB i n  t h e  1-10 
GHz range were observed. Berezin e t  a1.31~32 measured t h e  energy l o s s  
of t h e  e l e c t r o n  beam a s  it gave up p a r t  of i t s  k i n e t i c  energy t o  t h e  
high frequency wave, y i e l d i n g  t h e  e f f i c i e n c y  of t h e  energy exchange 
process .  The s t r e n g t h  of t h e  high frequency f i e l d s  was a l s o  measured. 
A g r e a t  many r e sea rche r s  i n  t h i s  country and abroad have considered 
t h e  beam-plasma i n t e r a c t i o n  both t h e o r e t i c a l l y  and experimental ly .  The 
work t o  be reviewed i n  t h e  fol lowing few paragraphs thus  can be only a 
r ep resen ta t ive  sample of what has been done. I n  a  s e r i e s  of papers 
Vlaardingerbroek e t  a1. der ived  t h e  d i spe r s ion  equat ions f o r  
c y l i n d r i c a l l y  symmetric geometries f o r  one o r  more beams of charged 
p a r t i c l e s  i n  both  i n f i n i t e  and f i n i t e  magnetic f i e l d s .  The same group 
of inves t iga torsa6  has r epo r t ed  on a n  experiment i n  which 60-70 dB 
e l e c t r o n i c  ga in  was observed over a  l eng th  of 20 cm of mercury plasma. 
When t h e  beam and plasma a r e  i n f i n i t e  i n  ex t en t ,  an  i n f i n i t e  
growth r a t e  of o s c i l l a t i o n s  occurs a t  t h e  plasma frequency. I n  order  t o  
provide f o r  a  phys i ca l ly  r e a l i s t i c  f i n i t e  growth r a t e ,  some authors  
have incorporated t h e  e f f e c t s  of p a r t i c l e  c o l l i s i o n s  o r  thermal  v e l o c i t y  
d i s t r i b u t i o n s  i n  t h e i r  models of i n f i n i t e  c ros s  s ec t ion .  
crawforda7 considered both i n f i n i t e  and f i n i t e  beams i n  an  i n f i n i t e ,  
uniform, warm plasma. A t  t h e  beam-plasma i n t e r f a c e  t h e  ~ a h n ~ ~  r i p p l e d  
sur face  charge model was used when t h e  beam and plasma were both cold.  
For a warm plasma, where t h e  e l e c t r o n i c  Debye l eng th  may be comparable t o  o r  
g r e a t e r  t han  t h e  RF excursions of t h e  beam e l ec t rons ,  t h i s  model was not  
considered t o  be app ropr i a t e  because t h e  sur face  charge e f f e c t s  on t h e  
plasma s i d e  of t h e  beam-plasma i n t e r f a c e  became n e g l i g i b l e .  Theref ore ,  
t h e  Hahn model was rep laced  by a  con t inu i ty  condi t ion  of pressure  and 
plasma cu r ren t  ac ros s  t h e  beam-plasma boundary. 
It has been shown by Kislov and Bogdanov,12 by Bogdanov e t  a1.30 
and by Vlaardingerbroek e t  a1. 33 t h a t  growing waves wi th  f i n i t e  growth r a t e s  
occur i n  cold,  c o l l i s i o n l e s s  beam-plasma systems of bounded c ros s  s ec t ion .  
I n  plasmas wi th  parameters of t h e  usua l  values a t t a i n a b l e  i n  t h e  
labora tory ,  t h e  f i n i t e  geometry has a considerably g r e a t e r  damping e f f e c t  
t han  do thermal  v e l o c i t i e s  and c o l l i s i o n s ,  a s  was shown by Simpson. 39 
He, a s  w e l l  a s  Karplyuk and ~ e v i t s k i i ,  40 Golant e t  a1. 41 and Stover ,  42 
considered t h e  e f f e c t s  of d i e l e c t r i c s ,  such a s  a  g l a s s  o r  ceramic tube 
conta in ing  t h e  plasma, on t h e  d i spe r s ion  equat ion.  Such r e a l i s t i c  
a d d i t i o n s  add e x t r a  boundary condi t ions  t o  be s a t i s f i e d  i n  t h e  s o l u t i o n  
of t h e  f i e l d  equat ions before  t h e  f i n a l  d i spe r s ion  equat ion i s  obtained.  
It is found t h a t  f o r  such models t h e  d i spe r s ion  equat ion  quick ly  becomes 
i n t r a c t a b l e  f o r  so lu t ion ,  even on a modern, high-speed d i g i t a l  computer. 
1.2.2 Large-Signal Theories.  Many i n v e s t i g a t o r s  have solved t h e  
-- 
d i spe r s ion  equat ion f o r  beam-plasma systems under var ious  s impl i fy ing  
assumptions. The complex propagat ion cons tan ts  appearing i n  t h e  d i spe r s ion  
equat ion  y i e l d  t h e  smal l - s igna l  ga in  of t h e  system a s  a func t ion  of 
frequency. 26,27,33-35,39,43744 The genera l  r e s u l t  of t h e s e  t h e o r i e s  i s  
t h a t  maximum values of ga in  i n  t h e  order  of 3-15 d ~ / c m  may be expected 
f o r  low l e v e l  opera t ion  of a  beam-plasma system. As t h e  s i g n a l  l e v e l  
increases ,  however, n o n l i n e a r i t i e s  begin t o  s e t  in ,  l i m i t i n g  t h e  power 
output  of t h e  device.  Thus, f o r  e f f i c i e n c y  computations and harmonic 
genera t ion  ana lyses ,  it is necessary t o  employ a l a r g e - s i g n a l  a n a l y s i s .  
 owe*^, 46 used a  Lagrangian ( b a l l i s t i c )  theory  t o  c a l c u l a t e  p a r t i c l e  
t r a j e c t o r i e s  and t h e  ex t en t  of energy conversion between t h e  beam, t h e  
plasma and t h e  RF wave. Microscopic c o l l i s i o n s  wi th in  each charge group 
were not  included i n  t h e  ca l cu la t ions ,  bu t  Rowe poin ted  out47 t h a t  
c o l l i s i o n  e f f e c t s  may be introduced simply by adding a n  a d d i t i o n a l  
e l e c t r i c  f i e l d  term appropr i a t e  t o  t he  c o l l i s i o n  model i n  t h e  Lorentz 
f o r c e  equat ion.  F i n i t e  temperature e f f e c t s  were accounted f o r  by 
a s s ign ing  appropr ia te  p a r t i c l e  d i s t r i b u t i o n  func t ions  i n  v e l o c i t y  -phase 
space. Gould and ~ l l e n ~ ~  subdivided t h e  e l e c t r o n  beam i n t o  d i s k s  and 
determined t h e  f o r c e s  on them from p o t e n t i a l s  found by appropr i a t e  
Fourier  t ransformat ions ,  which i s  a permiss ib le  approach s i n c e  t h e  plasma 
was assumed t o  remain l i n e a r  and superpos i t ion  i s  v a l i d  i n  t h a t  case.  
The plasma was a l s o  assumed t o  be warm, thus  inc luding  t h e  e l e c t r o n  thermal  
speeds and t h e  d i s s i p a t i v e  e f f e c t s  of s h o r t  -range c o l l i s i o n s .  (2eidne4' 
a l s o  used t h e  d i s k  model f o r  t h e  e l e c t r o n  beam a s  we l l  a s  t h e  plasma 
e l e c t r o n s .  He expanded t h e  fo rce  equat ion t o  t h i r d  order  f o r  t h e  beam 
e l e c t r o n s  and t o  f i r s t  o rder  f o r  t h e  plasma e l ec t rons  ( the  plasma was 
assumed t o  respond l i n e a r l y  t o  t h e  e l e c t r i c  f i e l d  i n  t h i s  t rea tment  a l s o ) .  
A l l  t h r e e  of t h e  nonl inear  t h e o r i e s  descr ibed  above y i e l d  i n f o r -  
mation on harmonic genera t ion  i n  a beam-plasma system. It i s  known from 
t h e  small-amplitude zero-space charge b a l l i s t i c  theory  f o r  k lys t ronse  
t h a t  
i 
= 2(0 .58)  = 1-16 , 
max 
where i and I a r e  t h e  fundamental RF and t h e  dc beam cu r ren t s ,  
1 0 
r e s p e c t i v e l y .  J i s  t h e  Besse l  func t ion  of t h e  f i r s t  kind and f i r s t  o rde r .  
1 
Simi l a r ly ,  f o r  t h e  maximum second harmonic cu r r en t ,  i2 /~o = 0.98. There 
i s  a r e l a t i v e l y  slow diminution of t h e  harmonic amplitude a s  t h e  harmonic 
order  i nc reases ,  a r i s i n g  from t h e  very sharp  peaks i n  t h e  cu r r en t  d e n s i t y  
i n  a t i g h t l y  bunched e l e c t r o n  stream. Large-signal  ca l cu la t ions ,  
including space-charge e f f e c t s ,  y i e l d  values of i /I i n  t h e  v i c i n i t y  of 
1 0  
1.6 under optimum condi t ions  i n  traveling-wave ampl i f i e r s  and k lys t rons  . 
Simi lar  r e s u l t s  have been found f o r  beam-plasma i n t e r a c t i o n s ,  w i th  
harmonic t o  dc cu r r en t  magnitudes being on t h e  order  of un i ty .45  Some 
experimental r e s u l t s  t o  support t hese  t h e o r i e s  have been r epor t ed  by 
Berezin e t  a1.50 and by Al l i son  and ~ i n o . ~ ~  
1.3 Coupling t o  Beam-Plasma Systems 
- -- 
Since  space-charge waves do not  possess  a t ime-varying magnetic 
f i e l d ,  t hey  do not  r a d i a t e  i n t o  space. To couple t o  them it i s  necessary  
t o  use  probes, slow-wave s t r u c t u r e s  o r  waveguides, f o r  example. These 
s t r u c t u r e s  have e x t e r n a l  f i e l d s  which may couple t o  t h e  f r i n g i n g  f i e l d s  
of t h e  space-charge wave. Another p o s s i b i l i t y  i s  mode coupling, which i s  
o r d i n a r i l y  a weak e f f e c t ,  however. Coupling t o  a plasma column without  
t h e  presence of ma te r i a l  wal l s ,  probes o r  beams can occur a t  s t e e p  
d e n s i t y  g r a d i e n t s  o r  i n  c e r t a i n  d i r e c t i o n s  i n  an i so t rop ic  media. An 
example of t h e  former a r e  t h e  Tonks-Dattner resonances, 52 which a r e  
resonances due t o  space-charge o s c i l l a t i o n s .  These were analyzed and 
explained t h e o r e t i c a l l y  by Nickel e t  a1. 53 a s  fol lows . 
When t h e  frequency of a n  app l i ed  RF wave exceeds t h e  e l e c t r o n  
plasma frequency a t  t h e  plasma column edge, a wave of t h e  type d iscussed  
by Bohm and ~ r o s s ~  can propagate i n  toward t h e  column a x i s .  As it does 
so, it propagates  up an  e l e c t r o n  dens i ty  g rad ien t  u n t i l  a po in t  i s  reached 
a t  which t h e  app l i ed  frequency equals  t h e  l o c a l  plasma frequency. Beyond 
t h i s  poin t  t h e  wave i s  evanescent. A t  a d i s c r e t e  number of appl ied  
frequencies,  s tanding waves can occur between t h e  column edge and the  
high-density core of t h e  plasma. Waves a t  these  p a r t i c u l a r  frequencies 
thus  give r i s e  t o  t h e  Tonks-Dattner resonances because the  s tanding waves 
t ransverse  t o  the  column a l s o  represent  t h e  cu to f f s  of a s e r i e s  of modes 
propagating along t h e  column. 
I n  beam-plasma ampl i f i e r s  it i s  h ighly  des i r ab le  t o  couple a s  much 
of t h e  input  s i g n a l  a s  poss ib le  i n t o  the  space-charge waves of the  device.  
Unfortunately t h i s  is  not  a simple procedure. I n  most p r a c t i c a l  cases t h e  
ne t  power output and t h e  a c t u a l  ga in  of t h e  device a r e  qu i t e  severe ly  
l imi t ed  by t h e  coupling methods s o  f a r  even though a 
considerable amount of work has been expended i n  improving the  
~ o ~ ~ l i n ~ ~ ~ ) ~ ~  and even though many d i f f e r e n t  schemes have been used. 
Among them a r e  c a v i t i e s ,  reduced he ight  waveguides, coupling h e l i c e s  and 
slow-wave s t r u c t u r e s  immersed i n  the  plasma. A t y p i c a l  beam-plasma system 
having h e l i c e s  a s  coupling s t r u c t u r e s  i s  depic ted  i n  Fig .  1 .2 .  
One very a t t r a c t i v e  coupling scheme has been inves t iga ted  f a i r l y  
extens ive ly  t h e o r e t i c a l l y  . ~e i n s t e  in56 has examined t h e  convers ion of 
long i tud ina l  wave energy of bunched charges i n t o  t ransverse  e l e c t r o -  
magnetic form i n  e l e c t r o n  tubes and multistream plasmas. Neufeld and 
~ o ~ l e -  showed t h a t  the  long i tud ina l  o s c i l l a t i o n s  i n  a homogeneous 
plasma due t o  an e l e c t r o n  beam may be converted i n t o  t ransverse  o s c i l l a t i o n s  
when t h e  long i tud ina l  waves i n t e r a c t  with t h e  dens i ty  f luc tua t ions  of 
t h e  plasma e lec t rons .  Allen e t  a1.58 pointed out t h a t  i n  c e r t a i n  
frequency regions the  an i so t rop ic  d i e l e c t r i c  "constant" of a homogeneous 
plasma is  such t h a t  the  r a d i a l  d i e l e c t r i c  constant ,  E i s  negative 
rr ' 
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while t h e  long i tud ina l  d i e l e c t r i c  cons tan t  E i s  p o s i t i v e ,  a s i t u a t i o n  
zz 
which r e s u l t s  i n  r e a l  propagat ion cons tan ts  i n  both t h e  r a d i a l  and t h e  
l o n g i t u d i n a l  d i r e c t i o n s .  Thus t h e  f i e l d s  i n  t h e  plasma do not f a l l  off 
r a d i a l l y ,  a s  t hey  do on convent ional  slow-wave c i r c u i t s .  
When r a d i a l  d e n s i t y  v a r i a t i o n s  e x i s t ,  a s  i s  u s u a l l y  t h e  case  i n  
p r a c t i c e ,  S tover  and ICino5' showed t h a t  it i s  not n e c e s s a r i l y  p o s s i b l e  t o  
ob ta in  r a d i a l  propagat ion through the  plasma column. This is  s o  because 
t h e  s i g n  of E 
r r I E z z  may change ac ros s  t h e  plasma, t h e  d e n s i t y  of which 
was assumed t o  vary p a r a b o l i c a l l y  ac ros s  t h e  column. This type  of 
v a r i a t i o n  does n o t  n e c e s s a r i l y  e x i s t  i n  p r a c t i c e  due t o  shea th  formations.  
A l l en  e l  a1."' r epo r t ed  on an  experiment i n  which t h e  presence of a 
plasma increased  t h e  coupling i n  a  system cons i s t i ng  of two waveguide 
couplers  by approximately 20 dB. They cautioned, however, t h a t  t h e  
optimum plasma d e n s i t y  f o r  coupling i s  not  o r d i n a r i l y  t h e  same a s  f o r  
maximum ga in .  A number of Russian i n v e s t i g a t o r s  a l s o  r epo r t ed  on r a d i a l  
propagat ion a s  a  means of coupling t o  a  beam-plasma system.61-63 
When designing a coupling c i r c u i t ,  it i s  important t o  know t h e  
impedance of t h e  coupler  and t h a t  of t h e  beam-plasma system. Gould and 
TrivelPiece6* have analyzed t h e  l a t t e r  by use of equiva len t  c i r c u i t s ,  f o r  
which t h e  impedance can be determined qu i t e  r e a d i l y .  ~ u e s t ~ ~  obta ined  
a  closed-form express ion  f o r  t h e  impedance of a p a i r  of i dea l i zed  plane 
g r i d s  immersed i n  a one -dimensional beam-plasma medium, while 
made measurements of t h e  plasma impedance i n  a  gr idded gap. 
1 . 4  Object ives  and Outl ine of t h e  Present  Study 
- - --
I n  t h e  present  s tudy t h e  l a rge - s igna l  c h a r a c t e r i s t i c s  of nonl inear  
beam-plasma i n t e r a c t  ions w i l l  be considered. I n  p a r t i c u l a r ,  s a t u r a t i o n  
e f f e c t s  and harmonic genera t ion  under high-drive condi t ions  w i l l  be  
s tud ied  t h e o r e t i c a l l y  and experimental ly .  The coupling problem i n  
beam-plasma systems w i l l  be considered a l s o .  The impedance of a n  
e l l i p t i c  c a v i t y  coupler  w i l l  be computed and matched t o  t h e  impedance of 
a  beam-plasma system. 
I n  Chapter I1 a l i n e a r  plasma model i s  chosen and t ransmiss ion- l ine  
elements a r e  der ived  f o r  t he  equivalent  c i r c u i t  r ep re sen t ing  such a 
plasma. The cha rac t e r  i s t i c  impedance of t h e  equiva len t  t ransmiss  ion  l i n e  
i s  completely determined by t h e  plasma parameters and t h e  geometry. Plasma 
c o l l i s i o n s ,  which r ep re sen t  a  l o s s  mechanism, con t r ibu te  r e s i s t i v e  
components t o  t h e  equiva len t  c i r c u i t .  These r e s i s t i v e  elements appear  a s  
t h e  imaginary p a r t  of t h e  complex c h a r a c t e r i s t i c  impedance. 
The one-dimensional nonl inear  equat ions f o r  a beam-plasma system 
a r e  developed i n  Chapter 111. The method o f  Lagrangian mechanics i s  
employed which e s s e n t i a l l y  c o n s i s t s  of fol lowing each beam p a r t i c l e  
i nd iv idua l ly  through t h e  i n t e r a c t i o n  region.  Elec t ron  overtaking and 
s a t u r a t i o n  e f f e c t s  a r e  thus  accounted f o r .  A s i m i l a r  approach is  employed 
i n  t h e  two-dimensional a n a l y s i s  of Chapter V I .  The e l e c t r o n  s t ream is  
accorded a f u l l  two-dimensional t reatment ,  while  t h e  plasma " c i r c u i t "  is  
handled i n  a  quasi-two-dimensional fash ion .  This i s  done by us ing  t h e  
one-dimensional c i r c u i t  f i e l d  expressions co r r ec t ed  by a  weighting 
func t ion  p ropor t iona l  t o  t h e  r a d i a l  v a r i a t i o n  of t h e  long i tud ina l  e l e c t r i c  
f i e l d .  
I n  Chapter V t h e  s o l u t i o n  of t h e  nonl inear  equat ions on a  d i g i t a l  
computer is descr ibed  and t h e  r e s u l t s  of t y p i c a l  ca l cu la t ions  a r e  
presented.  S a t u r a t i o n  c h a r a c t e r i s t i c s  f o r  t h e  fundamental a s  w e l l  a s  f o r  
t h e  f i r s t  few harmonics a r e  shown. E f f e c t s  of beam a s  we l l  a s  plasma 
c o l l i s i o n s  a r e  s tud ied .  
Chapter V I  d e a l s  wi th  t h e  experimental work. The beam-plasma 
system used f o r  t h e s e  s t u d i e s  i s  descr ibed .  The t e s t  vehic le  conta ins  
a c y l i n d r i c a l  plasma column i n t o  which a n  e l e c t r o n  beam can be i n j e c t e d  
a x i a l l y .  RF energy i s  coupled i n t o  and out  of t h e  i n t e r a c t i o n  reg ion  by 
means of slow-wave s t r u c t u r e s  and cav i ty  couplers .  Test  r e s u l t s  c o n s i s t i n g  
of s a t u r a t i o n  da t a ,  harmonic power output  and mul t i s igna l  c h a r a c t e r i s t i c s  
a r e  presented  and c o r r e l a t e d  with t h e  t h e o r e t i c a l  c a l c u l a t i o n s  of 
Chapter V. 
Coupling methods a r e  considered i n  d e t a i l  i n  Chapter V I I .  The 
impedance of a n  e l l i p t i c  c a v i t y  coupler,  which i s  e s s e n t i a l l y  a quas i -  
o p t i c a l  coupl ing s t r u c t u r e ,  i s  ca l cu la t ed .  The requirements of matching 
such a coupler t o  a  beam-plasma system a r e  d iscussed .  Comparison i s  
made between t h i s  method of coupling and o the r  methods, such a s  s ec t ions  
of slow-wave s t r u c t u r e  i n  t h e  v i c i n i t y  of t h e  e l e c t r o n  beam. 
CHAPTER 11. DEVELOPMENT OF THE ONE-DIMENSIONAL CIRCUIT EQUATION 
FOR PLASMA WAVE PROPAGATION 
2 . 1  Introduction 
P 
When an e lec t ron beam i s  passed through a plasma, amplif icat ion 
of an RF s igna l  propagating through the  plasma may take place under 
c e r t a i n  conditions. I n  t h i s  analys is  cy l indr ica l  systems, i . e . ,  plasma 
columns and d r i f t i n g  e lec t ron  beams, w i l l  be considered. Maximum use 
w i l l  be made of previously developed traveling-wave tube theory, which 
can be read i ly  adapted t o  t h i s  study. 
It is possible t o  th ink of a  plasma column by i t s e l f  as a slow- 
wave "c i rcu i t "  along which RF energy can propagate j u s t  a s  along a 
transmission l i n e .  For such a transmission l i n e  an equivalent c i r c u i t  may 
be found which i s  made up of d i s t r i b u t e d  elements given i n  terms of the  
plasma parameters. This approach r e s t r i c t s  the  plasma t o  l i n e a r  behavior. 
(3eidne4' has ca lcula ted  t h e  e lec t ron  displacements and t h e  RF currents  i n  
the  beam and the  plasma of a beam-plasma system. He found t h a t  when the  
device approaches sa tu ra t ion  the  beam elec t rons  a re  driven beyond over- 
taking, while the  displacement of the  plasma e lec t rons  is very small. 
Physical ly speaking, the  charge densi ty  of a  t y p i c a l  e l ec t ron  beam i s  
much smaller than the  charge densi ty  i n  the  plasma. Since the  same f i e l d s  
must be supported i n  both the  beam and the  plasma, the  space-charge 
res to r ing  forces  i n  the  plasma a r e  then much greater  than i n  the  beam. 
This prevents the  plasma p a r t i c l e s  from making large  RF excursions. Thus 
it is  j u s t i f i a b l e  t o  assume l i n e a r  behavior f o r  the  plasma and introduce 
the  non l inea r i t i e s  i n  the  e lec t ron  beam. 
I n  t h i s  chapter  the  plasma c h a r a c t e r i s t i c s  w i l l  be s tudied .  
Subsequently an  e l e c t r o n  stream w i l l  be introduced and t h e  i n t e r a c t i o n  of 
t h e  waves i n  t h e  plasma with t h e  space-charge waves on t h e  e l e c t r o n  stream 
w i l l  be considered. 
2.2 --  The Dispersion Equation -- f o r  a  Plasma Column 
Consider t h e  geometry f o r  a  plasma column coaxia l  wi th  a  conducting 
cyl inder ,  a s  shown i n  Fig.  2.1. F i r s t  t h e  following assumptions a r e  
made about the  plasma column. 
1. The plasma i s  cold, s t a t iona ry ,  uniform and n e u t r a l .  
2. A s t a t i c  magnetic f i e l d  Bo = B is  assumed t o  e x i s t  a long t h e  
z 
z -d i rec t ion .  
3. Nonre la t iv i s t i c  mechanics app l i e s .  
4. A quas i s t a t  i c  ana lys i s  i s  appropr ia te .  
5. A one-dimensional t reatment  is  appropr ia te  f o r  t h e  time being. 
The one-dimensional t reatment  l i m i t s  t h e  motion of t h e  e l ec t rons  i n  t h e  
plasma " c i r c u i t "  t o  t h e  a x i a l  d i r e c t i o n .  This approach is  of course a  
good one i n  t h e  case of an  i n f i n i t e  or  very s t rong a x i a l  magnetic f i e l d .  
For a  more moderate magnetic f i e l d  it i s  reasonable t o  assume t h a t  i n  a  
plasma column of f a i r l y  small  t r ansve r se  dimensions t h i s  r e s t r i c t i o n  on 
t h e  motion can be s a t i s f i e d  regardless  of t h e  magnitude of t h e  magnetic 
f i e l d  by assuming t h a t  t h e  plasma i s  i n  a  region where t h e  a x i a l  RF 
e l e c t r i c  f i e l d  i s  s t rong compared wi th  the  t ransverse  e l e c t r i c  f i e l d .  
I n  most microwave beam-type ampl i f i e r s  t h e  RF wave is  slowed 
s u f f i c i e n t l y  s o  t h a t  it t r a v e l s  a t  approximately t h e  same ve loc i ty  a s  t h e  
beam e lec t rons .  The ve loc i ty  of the  beam e lec t rons  i n  t u r n  i s  usua l ly  
s u b s t a n t i a l l y  l e s s  than  t h e  speed of l i g h t .  Thus t h e  wavelength of t h e  

dis turbances  i n  t h e  slow-wave system i s  much l e s s  t han  a free-space 
wavelength. This f a c t  permits  t h e  use of a q u a s i s t a t i c  ana lys i s ,  i n  
which Maxwell's equat ions  desc r ib ing  t h e  model under cons idera t ion  i n  
t h i s  s tudy  a r e  s i m p l i f i e d  considerably by r ep lac ing  t h e  f u l l  s e t  of f i e l d  
equat ions by t h e  equat ions of e l e c t r o s t a t i c s .  
It is  poss ib l e  t o  f i n d  a simple r e l a t i o n  between t h e  e l e c t r i c  
f i e l d  i n  t h e  z -d i r ec t ion  and t h e  " c i r c u i t "  vo l tage .  I n  terms of t h e  
-3 
magnetic vec tor  p o t e n t i a l ,  A, g iven by 
where 2 is  t h e  magnetic f i e l d  s t r eng th ,  and t h e  s c a l a r  p o t e n t i a l ,  V ' ,  
t h e  e l e c t r i c  f i e l d  may be w r i t t e n  as 
I n  t h e  q u a s i s t a t i c  a n a l y s i s  3 is time independent, s o  t h a t  one of 
Maxwellf s c u r l  equat ions becomes 
and 3 i s  d i r e c t l y  de r ivab le  from t h e  s c a l a r  p o t e n t i a l .  Taking t h e  
z-component of Eq. 2.2, 
Since 2 and V f  a r e  a r b i t r a r y ,  2 may be expressed i n  terms of V' by t h e  
Lorentz gauge condit ion,  
Assume t h a t  the  RF q u a n t i t i e s  i n  genera l  vary a s  exp[j  (cut-ncp-kz) 1. 
Note t h a t  k i s  a complex propagation constant ,  i n  general  given by 
where f3 is  t h e  phase constant  a n d a  is  t h e  a t t enua t ion  constant .  A 
negat ive value of a implies a  growth i n  the  wave amplitude. U t i l i z i n g  
t h e  f a c t  t h a t  t he re  i s  no r a d i a l  component of cu r ren t  and no azimuthal 
+ 
v a r i a t i o n  of A i n  the  present  analys is ,  Eq. 2.5 becomes 
S u b s t i t u t e  A z  from Eq.  2.7 i n t o  Eq.  2 .4 t o  obta in  
Let ko = m G  be t h e  propagation constant  of f r e e  space, so  t h a t  
The r a d i a l  propagation constant ,  y, i s  defined by 
For slow waves, 
s o  t h a t  
Thus 
11 I f  V' a t  r = b i s  t h e  " c i r c u i t  vol tage,  V, of t h e  plasma column, t hen  
From Maxwell's equat ions given i n  Appendix A, and us ing  
-+ C7 x E z 0 ,  one obta ins  
and 
where it i s  assumed aga in  t h a t  t h e  f i e l d  q u a n t i t i e s  vary  a s  
exp [ j ( a t  -no-kz) ] . The wave equat ion f o r  propagat ion i n  a plasma column 
may then  be w r i t t e n  a s  
Here t h e  r a d i a l  propagat ion cons tan t  i n  t h e  plasma, T is r e l a t e d  t o  t h e  
P' 
l o n g i t u d i n a l  propagat ion constant ,  k, by 
The K ' S  a r e  components of the  spec i f i c  inductive capacity tensor  derived 
i n  Appendix B, w is  t h e  radian plasma frequency given by 
P 
w i s  the  angular e l ec t ron  cyclotron frequency given by 
C 
where 7 i s  t h e  absolute value of the  charge-to-mass r a t i o  of the  
electron,  and v is t h e  radian c o l l i s i o n  frequency. 
I n  the  plasma region (Region I of Fig. 2.1) t h e  solut ion t o  
Eq. 2.15 f o r  EZ is  given i n  terms of Bessel functions of the  f i r s t  kind 
only due t o  the  s i n g u l a r i t y  of the  functions of t h e  second kind at  
r = 0. Hence 
where An i s  an a r b i t r a r y  constant.  Outside of the  plasma (Region 11), 
where the  r a d i a l  propagation constant i s  y, given by y 2  = k2 - k ,  the  
modified Bessel  functions may be used, because with T~ = -k2 the second 
P 
term i n  Eq. 2.15 i s  negative. Thus 
For slow waves, y2 k2, and i n  the  one-dimensional case there  a r e  no 
cp-variations. Hence n = 0. Thus 
and 
E z ~ ~  (r) = BIO(kr)  + CKO(kr) . 
Sknce the re  is  a  p e r f e c t l y  conducting me ta l l i c  boundary a t  r = a ,  
Then, 
E z ~ ~  (I) = CK0(kr) - C 
where 
D i f f e r e n t i a t e  Eq. 2.24 t o  obtain 
bEZII ( r )  
a,= -cik[I0(ka)K 1 (k r )  -I- Ko(ka)l 1 ( k r ) ]  . 
- E ~ ~ ( ~ ) I  r =b - ~ ~ ~ ~ ( r ) l  r =b 
Therefore from Eqs. 2 .21  and 2.24, 
S u b s t i t u t e  Eq. 2 .27  i n t o  Eq. 2 . 2 1  t o  ob ta in  
D i f f e r e n t i a t e  Eq. 2.28 t o  ob ta in  
I n  view of Eq. 2.13 and s ince  Dr = E K E in s ide  t h e  plasma, while  Dr = 
o l r  
'oKeEr ou t s ide  of t h e  plasma, i n  t h e  absence of su r f ace  charges one f i n d s  
t h a t  i n s ide  t h e  plasma 
€ O K l  aEZ D = E K E  = - -  
r 0 1 r j k  a, (2 30) 
Since t h e  r a d i a l  displacement vec tor ,  Dr J i s  continuous a t  r = b, it 
follows from Eqs. 2 .25 and 2.29 t h a t  
E K 
o e 
E K  C . T J ( T b )  
0 1  I P l  P 
j k  ~ ~ k [ I ~ ( k a ) K  (kb) + K9(ka)1 (kb) ]  = -1 1 J k J ~ ( T  b )  P 
Theref ore  
K 1 T P J ( ~ ~ b )  ~ ~ ( k b ) ~ ~ ( k a )  - K o ( k a ) ~ o ( k b )  
1 = -  
~~k l0(ka)K (kb) + K0(ka)1 (kb) (2.31) 
0 P 1 1 
This i s  t h e  d i spe r s ion  r e l a t i o n  connecting o with  k. For t h e  case  of 
f r e e  space between t h e  plasma column and the  m e t a l l i c  wal l ,  tee = 1. 
I n  many cases  t h e  c o l l i s i o n  frequency, v, i s  s o  smal l  compared 
wi th  o t h a t  one may s e t  v/u = 0 .  Then k = f3 and complex argument Besse l  
func t ions  may be avoided i n  Eq. 2 .31.  The s o l u t i o n  of t h e  d i spe r s ion  
equat ion i s  then  f a i r l y  s t r a igh t fo rward .  Figures  2 .2  and 2 . 3  show t h e  
s o l u t i o n  f o r  a t y p i c a l  s e t  of values encountered i n  a plasma column u s e f u l  
FIG. 2.2 FORWARD WAVE PASSBAND CHARACTERISTICS FOR THE LOWEST ORDER 
AXIALLY SYMMETRIC MODE I N  A D1EI;ECTRIC-LINED METALLIC CYLINDER 
FILLED WITH PLASMA. (a/b = 1.2, K e = 6.0, co = 2.52.10'~ 
P 
rad/s, b = 0 . 1 5 2  em) 
F I G .  2.3 PHASE CHARACTERISTICS FOR TKE LOWEST ORDER AXIALLY SI.IMMETRIC 
MODE I N  A DIELECTRIC-LINED ME'IIAUIC CYLINDER. (a/b = 2.0, 
i n  t h e  type of beam-plasma i n t e r a c t i o n  t o  be considered i n  t h e  p re sen t  
s tudy.  It w i l l  be shown l a t e r  t h a t  t h e  case of wc < w is  of p a r t i c u l a r  
P 
i n t e r e s t .  Thus F ig .  2 . 3  shows t h i s  case f o r  d i e l e c t r i c  ma te r i a l s  of 
s e v e r a l  values of K~ ( s ee  Fig.  2 . 1 ) .  The forward-wave branch is  seen t o  
depend on K ~ ,  whi le  t h e  backward-wave branch does not .  For t h e  forward- 
wave branch, t h e  frequency wm, where f3 approaches i n f i n i t y ,  can be 
found by not ing t h a t  T i s  imaginary f o r  w < < w and w < w 
P c P c P 
(provided v = 0). Thus 
a s  f3 + m. S u b s t i t u t i n g  from Appendix B t h i s  may be solved t o  y i e l d  
For t h e  cases  or' u, = 0 o r  K = 1 much simpler  expressions may be 
c e 
obtained from Eq. 2.33. Thus f o r  tee = 1 and wc # 0,  
and f o r  we = 0 and K~ # 1, 
The asymptotes shown i n  F ig .  2.3 were found us ing  t h e  appropr ia te  
express ion  from above. 
2 . 3  - Derivat ion of t h e  Equivalent C i rcu i t  Elements 
--
The equation of motion f o r  a  plasma e lec t ron  i s  given by t h e  
following fo rce  equation (c . f  . , Appendix B )  : 
d;: a;: 
1 - ' . o)? + v; = - r i ( Z + ?  x  3 , 
d t  - & + (v, 1 1 (2.36) 1 
-3 
where v  i s  t h e  RF veloc i ty ,  and the  dc ve loc i ty  is  zero f o r  a  s t a t i o n a r y  
1 
plasma. I n  t h e  one-dimensional case, with $ = B along t h e  z-d i rec t ion ,  
z  
and r e t a i n i n g  f i r s t - o r d e r  terms only, Eq. 2.36 reduces t o  
av & + vv = -TIE=* , 
1 
(2.37) 
where v  i s  t h e  a x i a l  RF ve loc i ty  and EZI i s  t h e  t o t a l  a x i a l  e l e c t r i c  
1 
f i e l d  i n  t h e  plasma. Since a l l  RF q u a n t i t i e s  a r e  assumed t o  vary a s  
exp[j  (mt-kz)l,  
( j m  + v)vl = -TIEZI 7 
o r  
The convection current  dens i ty  i s  given by 
where po and pl a r e  t h e  dc and RF charge dens i t i e s ,  respect ive ly ,  i n  
t h e  plasma. Neglecting the  second-order term, Eq. 2.39 becomes 
I n  view of Eq. 2.38 one obta ins  
TIP,.. 
Since 
2 
e n 
e c u 2 = - -  _ - -  ePo - - -  V P 0  
P r n ~  r n ~  E 0 0 0 
t h i s  becomes 
E cu 2 
- O ~ ~ ~ ( r )  . Jzc - jcu + v (2.41) 
The t o t a l  convection current  f o r  t h e  plasma column may be expressed 
From ~ q .  2.28, 
2flE a2 b 
- 
0 p 
~ z c  jcu + v J ~ ~ ~ ( r ) r  d r  . 
0 
and 
Therefore, s ince  by Eqs .  2.24 and 2.26 
it follows that 
Combining Egs . 2.10 and 2.43 one ob ta ins  
Af t e r  rear ranging ,  
-+ 
From Maxwell's c u r l  H equat ion and Stokes '  theorem one f i n d s  
t h a t  at r = b, 
2nbH (b)  = Izc + IZd 7 
T I  (2 45) 
where IZd i s  t h e  plasma column displacement cu r r en t  through t h e  c ros s -  
s e c t i o n a l  a r e a  of t h e  plasma. IZd may be expressed by 
2n,jaeob K ( k b ) 1  (ka)  -Ko(ka ) I0 (kb )  
- 
0 0 
I z d  - T 'i J ~ ( T  b )  JI(Tpb) , 
P P 
It i s  apparent from Eqs .  2.43 and 2.47 t h a t  
Subs t i tu t ing  Eq. 2.48 i n t o  Eq.  2.45 one obtains 
From Appendix A, H is given by 91 
But by Eq. 2.13, 
and s ince  the re  a r e  no 9-var ia t ions  (n = 0) ,  Eq.  2.30 becomes 
But by Eq.  2.13, 
Thus 
or 
Since the displacement vector is continuous at r = b, 
Hence 
In view of Eq. 2.25 one can see that Eq. 2.52 becomes 
K K 
Hm1(r) = -j" ~~k[~~(ka)K (kr) + Ko(ka)l (kr)] , 
O K 1  k2 1 1 
= - j ~  K LU-~i[~o(ka)~ (kb) +Ko(ka)l (kb)] . (2.53) 
o e k  1 1 
r =b 
Making use of Eqs. 2.24 and 2.26 it is possible to write Eq. 2.53 as 
where 
a I0(ka)K 1 (kb) + K0(ka)1 I. (kb) 
B' = 
~~(kb)1~(ka) - Ko(ka)~o(kb) ' 
Substituting Eq. 2.54 into Eq. 2.49 yields 
By Eq. 2.12 t h i s  becomes 
a 1  I0(ka)K 1 (kb) + ~ ~ ( k a ) ~ ~  (kb) 1 
Z C  +2'bbeoke Ko(kb)Io(ka) - K0(ka)Io(kb) a
L. 
(2.56) 
Equations 2.44 and 2.56 descr ibe  t h e  t ransmission l i n e  pictured 
i n  Fig. 2.4, if they a r e  w r i t t e n  a s  fo l lows:  
and 
Then 
and 
I 0 ( k a ) 1  (kb) + ~ ~ ( k a ) ~  (kb  
1 1 
Ko(kb)I0(ka) - Ko(ka)I0(kb) ) ' 
Inspect ion  of the  l a s t  two equations r evea l s  t h a t  t h e  c o l l i s i o n  terms 
introduce r e s i s t i v e  components i n  t h e  equivalent  c i r c u i t .  I n  Fig. 2.4 
t h e  los sy  elements a r e  not shown separa te ly ,  but  a r e  included i n  Lo 
and Co. If c o l l i s i o n s  a r e  negl ig ib le ,  v/a 0 and Lo and C a r e  pure 
0 
inductances and capacitances per  u n i t  length,  r e spec t ive ly .  Some t y p i c a l  
F I G .  2 .4  EQUIVALENT TRANSMISSION L I N E  WITH DISTRIBUTED ELEMENTS FOR A 
PLASMA COLUMN. 
values of LA and C '  a s  a  funct ion  of pb when v = 0 a r e  shown i n  Fig.  2.5.  
0 
The parameters needed i n  ca lcu la t ing  these  values of L '  and C '  a r e  chosen 
0 0 
t o  be r ep resen ta t ive  of a  plasma column u s e f u l  i n  the  beam-plasma 
i n t e r a c t i o n  device t o  be s tudied  l a t e r .  
For the  t ransmission l i n e  of Fig. 2.4 t h e  phase ve loc i ty ,  vo, 
i s  given by 
I n  genera l  
which reduces t o  
where LA and CA a r e  Lo and Co, respect ive ly ,  with v = 0. From Eq. 2.61 
which should y i e l d  t h e  d ispers ion  equation, Eq. 2.31, derived previously.  
This can be shown by s u b s t i t u t i n g  Eqs. 2.58 and 2.59 i n t o  Eq. 2.63. Thus 
Rearranging, r 
CAPACITANCE, C; ( K ~  6 . 0 )  
PACITANCE, C; ( K ,  = 2 . 0 )  
0 2 4 6 8 10 12 
P b  
FIG. 2 .5  EQUIVALENT CIRCUIT COMPONENTS FOR A PLASMA COLUMN. (o /o = P 
2.49, oc/o = 0.428, o = 2 . 6 5 . 1 0 ~ ~  rad/s, a/b = 6.26, b = 
P 
0.152 cm, v / o  = 0)  
But from Eq. 2.16 
Theref ore 
a T J (T b )  ~ ~ ( k b ) I ~ ( k b )  - K0(ka)Io(kb) 
= A s  
k *' ~ ~ ( k a ) ~  (kb) 6 K0(ka)1 (kb) . (2.64) e 1 1 
L J 
This i s  p r e c i s e l y  Eq. 2.31 and agrees with t h e  d ispers ion  equation given 
by Tr ive lp iece  and ~ o u l d , '  i f  v = 0 and k = B. 
Gould and ~ r i v e l ~ i e c e ~ ~  derived a more d e t a i l e d  equivalent  c i r c u i t  
f o r  a c o l l i s i o n l e s s  plasma column, a s  shown i n  Fig. 2.6.  The combination 
of L and C i s  resonant  a t  u, while t h e  combination of L C and C 
1 1 P 2, 2 3 
gives r i s e  t o  the  hybrid resonance a t  (a2 + Capacitance C is 
C 4 
due t o  t h e  d i e l e c t r i c  loading of t h e  space between the  plasma column and 
t h e  conducting cyl inder  coax ia l  wi th  it. I f  t h e  plasma column f i l l s  t h e  
cyl inder ,  C becomes i n f i n i t e .  This equivalent  c i r c u i t  shows more of 
4 
t h e  d e t a i l s  of t h e  plasma column c h a r a c t e r i s t i c s ,  but the  simple 
equivalent  c i r c u i t  lumping a l l  these  components together  i n t o  L '  and CA 
0 
i s  e n t i r e l y  adequate i n  the  treatment t o  folbow. This i s  s o  because i n  
t h e  p resen t  ana lys i s  Zo, determined by the  lumped elements, i s  of 
primary importance, a s  w i l l  be seen i n  subsequent chapters .  
2 . 4  Derivat ion of t h e  C i rcu i t  Equation 
- --
I f  an e l e c t r o n  beam with convection cu r ren t  -iZ is  allowed t o  pass 
near or through a plasma, one has i n  e f f e c t  a beam-loaded plasma column 
transmission l i n e .  This is depicted i n  Fig.  2.7. The impressed cu r ren t  
F I G .  2.6 EQUIVALENT TRANSMISSION L I N E  FOR A COLLISIONIESS PLASMA COLUMB 
SHOWING THE VARIOUS RESONANCES . 
ELECTRON BEAM, CURRENT- iZ 
Lodz Lodz Lodz 
F I G .  2.7 ELECTRON BEAM INTERACTING WITH A PLASMA COLUMN. 
i n  t h e  plasma due t o  the  motion of t h e  e l ec t rons  i n  t h e  beam is a i z /dz .  
One thus  modifies Eqs. 2.57 t o  include t h e  presence of t h e  beam as 
fol lows : 
and 
But 
and 
where qZ i s  t h e  charge giving r i s e  t o  t h e  cu r ren t  iZ and pZ i s  t h e  
charge dens i ty .  Then Eqs. 2.65 become 
and 
D i f f e r e n t i a t i n g  the  f i r s t  of Eqs. 2.68 wi th  r e spec t  t o  z and t h e  second 
with r e spec t  t o  t and combining them s o  a s  t o  e l iminate  I Z c ( z , t )  ( the  
order  of d i f f e r e n t i a t i o n  with respect  t o  z or t being immaterial),  one 
obta ins  a wave equation, which w i l l  be designated t h e  "c i r cu i t1 '  equation. 
Thus 
Recalling Eqs. 2.60 and 2.61 and noting t h a t  the  charac te r i s t i c  impedance 
of the  transmission l i n e  of Fig. 2.4 i s  given by 
the  f i n a l  form of the c i r c u i t  equation i s  
provided a << @ so t h a t  f3 k. I n  a t yp i ca l  laboratory plasma column 
useful  f o r  beam-plasma interact ion t h i s  requirement i s  readi ly  s a t i s f i ed ,  
a s  w i l l  be shown l a t e r .  
Figures 2.8 through 2.12 show the  r e a l  pa r t  of the charac te r i s t i c  
impedance as  a function of f3b fo r  v << a. The modulus of Zo i s  chosen 
t o  correspond t o  the  in teract ion impedance used i n  traveling-wave tube 
theory, while the  imaginary par t  of Zo, which i s  usually small compared 
t o  the  r e a l  pa r t  by v i r tue  of v << co, gives r i s e  t o  the  "c i rcui t"  loss .  
The parameters chosen f o r  the  computation of Zo i n  Figs. 2.8 through 2.12 
apply t o  a plasma column with a pa r t i c l e  density of approximately 
1.5 x 1011 t o  6.0 x 10'' ( f  = 3.5 t o  f  = 7.0 GHZ) and a cyclotron P P 
frequency of 0.75 t o  1 .4  GHz, with we < w < u, . Figures 2 .8  through 
P 
2.11 a re  fo r  a/b = 6.26 and thus are  appropriate for  a typ ica l  beam- 
generated plasma. Figure 2.12 i s  fo r  a/b = 1.2 and would thus apply t o  





a plasma f i l l i n g  the  whole d i e l e c t r i c  cylinder.  Such a plasma could 
f o r  example be generated by a Penning discharge. Comparison of the  
f igures  shows t h a t  the  former type of plasma column has a s u b s t a n t i a l l y  
higher c h a r a c t e r i s t i c  impedance and would thus r e s u l t  i n  b e t t e r  beam- 
plasma in teract ion.  This i s  borne out by experiment. I n  Fig. 2.13 both 
the  r e a l  and the  imaginary p a r t s  of the  complex c h a r a c t e r i s t i c  impedance 
a r e  shown f o r  the  ice = 2.0 case of Fig. 2.8. Note t h a t  the  imaginary 
p a r t  i s  qu i t e  small compared t o  the  r e a l  pa r t  and i s  negative. This 
i s  s o  because the  imaginary p a r t  of the  equivalent inductance, Lo, i s  
small but negative, while t h e  imaginary p a r t  of the  equivalent capacitance, 
Co, i s  pos i t ive  and i n  genera l  has a s l i g h t l y  l a rge r  phase angle than 
the  inductance. The value of v/co = 0.0012 is t y p i c a l  f o r  the  beam-plasma 
experiments t o  be described l a t e r  i n  t h i s  study. 
1000 
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FIG. 2.13 CHARACTERISTIC IMPEDANCE OF A PLASMA COLUMN. (w /a = 2.49, 
P 
ac/w = 0.428, ,m = 2.65-20'' rad/s, a/b = 6.26, b = 0.152 cm, 
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K = 2.0) 
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CHAPTER 111. LAGRANGIAN FORMULATION OF THE ONE-DIMENSIONAL 
BEAM-PLASMA INTERACT1 ON EQUATIONS 
3.1 Lagrangian Coordinates 
-
Consider e l e c t r o n s  moving i n  t h e  z -d i r ec t  ion (one -dimensional 
a n a l y s i s )  a s  shown i n  F ig .  3.1. A l l  t h e  charge passing plane zo a t  
t = 0 a r r i v e s  a t  plane z, bu t  t h e  amount of charge passing plane zo 
during a time i n t e r v a l  d t o  may t ake  a longer  o r  s h o r t e r  time i n t e r v a l  
d t  t o  pass  through plane z .  During an i n f i n i t e s i m a l  i n t e r v a l  of t ime 
d t o  a t o t a l  charge 
passes plane z a t  a time t = 0, where I i s  t h e  in,jected cu r r en t  and 
0 0 
i s  a p o s i t i v e  quan t i t y .  Following t h e  same s e t  of e l ec t rons ,  a t  p lane  z, 
Equating Eqs. 3.1 and 3.2, s ince  no charges a r e  c r ea t ed  o r  destroyed i n  
t he  in te rvening  space between z and z, 
0 
I n  t he  two-dimensional a n a l y s i s  of Chapter VI. provis ion  i s  made i n  t h e  
computer c a l c u l a t i o n s  f o r  beam e l e c t r o n s  l eav ing  t h e  plasma column. 
  his corresponds t o  beam in t e rcep t ion  on the  c i r c u i t  i n  a traveling-wave 
a m p l i f i e r . )  S ince  
CHARGE EQUAL TO -I(t) 
FIG. 3.1 ELECTRON MOTION I N  A ONE-DIMENSIONAL SYSTEM. 
where u is  t h e  v e l o c i t y  of t h e  e l e c t r o n s  c ross ing  p lane  z it i s  
0 0' 
poss ib l e  t o  w r i t e  t h e  fol lowing express ion  involving t h e  charge dens i ty  
represented  by these  e l e c t r o n s .  Thus 
where t h e  abso lu t e  value s i g n  must be introduced due t o  t he  multivalued 
na tu re  of t h e  charge dens i ty .  Phys ica l ly ,  t h i s  accounts  f o r  e l e c t r o n  
c ross ings  between p lanes  z and z.  Equation 3.5 i s  t h e  conservat ion of 
0 
charge equat ion used i n  a  Lagrangian t rea tment .  
While i n  a n  Euler  i a n  a n a l y s i s  t h e  independent v a r i a b l e s  a r e  
u s u a l l y  d i s t ance  and time, it i s  convenient t o  choose t h e  d i s t ance  and 
t h e  e n t r y  phase, Qol, of t h e  fundamental RF component a s  t h e  independent 
v a r i a b l e s  i n  a Lagrangian t rea tment .  With an  appropr i a t e  normalizat ion 
t h e  d i s t ance  va r i ab l e  is  expressed i n  terms of t h e  fundamental frequency 
a s  fol lows : 
C cu 
1 
- - 
y1 - 
z = C,Pez = 21C1Ns , 
u 
0 
where Be i s  t h e  s t ream phase cons tan t  and C i s  a beam-circui t  coupl ing 
1 
parameter, o r  ga in  parameter, f o r  t h e  fundamental frequency g iven  by 
N Z/A i s  t h e  number of s t ream wavelengths a t  t h e  fundamental S S 
frequency. I n  Eq. 3.7, Zol i s  t h e  i n t e r a c t i o n  impedance obta inable  
from Eq. 2.69, I is  t h e  dc cu r r en t  i n  t h e  stream, and Vo i s  t h e  
0 
s t ream vol tage .  Note t h a t  t he  modulus of Zol i s  used i n  t h e  d e f i n i t i o n  
of the  ga in  parameter. This is  necessary when v # 0 (and hence Z is  
01 
complex) i n  order  t o  keep C  a r e a l  number, which insures  t h a t  
1 
q u a n t i t i e s  such a s  y and some of t h e  o ther  normalizations i n  t h e  
1 
following remain phys ica l ly  meaningful q u a n t i t i e s .  
The entrance phase f o r  t h e  fundamental frequency i s  def ined  by 
It i s  convenient t o  def ine  dependent va r i ab les  normalized with 
respect  t o  t h e  i n i t i a l  average e l e c t r o n  ve loc i ty ,  uo. I n  a  nonlinear  
theory the  average stream v e l o c i t y  i s  a  funct ion  of displacement and 
so  t h e  dependent ve loc i ty  va r i ab le  i s  
Here 2 C  u u ( y  ,@ ) denotes t h e  RF v e l o c i t y  of an  e l e c t r o n  a t  a  given 
1 0  1 01 
displacement plane. 
Reca l l  t h e  conservation of charge equation, Eq. 3.5, which can 
be w r i t t e n  a s  
I n  Lagrangian va r i ab les  , 
and 
where n denotes  t h e  harmonic number of t h e  RF wave component t o  be 
considered.  Note t h a t  @ r ep re sen t s  t he  phase of t h e  n th  harmonic 
n  
component r e l a t i v e  t o  the  phase a t  t h e  entrance t o  t h e  i n t e r a c t i o n  
reg ion .  @ i s  based on a coordinate  system which moves wi th  t h e  dc 
n  
stream ve loc i ty ,  u . The conservat ion of charge equat ion i n  t h e  new 
0 
va r i ab l e s  now becomes 
I n  a beam-wave i n t e r a c t i o n  device t h e  a c t u a l  wave t r a v e l i n g  
along t h e  c i r c u i t  has  a  phase s h i f t  ( a  phase l a g  f o r  a t y p i c a l  
a m p l i f i e r )  with r e spec t  t o  a hypo the t i ca l  wave t r a v e l i n g  a t  t h e  s t ream 
v e l o c i t y  uo. This phase s h i f t ,  i s  due t o  t h e  beam loading as 
energy is  given t o  t h e  wave. The phases of t h e  j t h  p a r t i c l e  a t  any 
value of [yl,@n(Yl,~ol, j ) ]  denote phase p o s i t i o n s  r e l a t i v e  t o  t h e  wave 
a t  t h a t  yl-plane. Hence a t  any displacement plane,  
o r ,  dropping t h e  p a r t i c l e  l a b e l ,  j, 
This may be w r i t t e n  a s  
Also note t h a t  
I n  Fig.  3.2 r ep resen ta t ive  curves a r e  shown i n  order  t o  depic t  some of 
these  q u a n t i t i e s .  Curve A represents  a  reference  t r a j e c t o r y  of s lope 
C /n f o r  an  e l e c t r o n  s t a r t i n g  a t  zero time and p o s i t i o n  which moves 
1 
through t h e  device a t  a  uniform ve loc i ty  uo. Due t o  the  la rge-s ignal  
i n t e r a c t i o n  a l l  e l ec t rons  a r e  speeded up o r  slowed down, so t h a t  Curve 
B, of s lope 
obtained from Eq. 3.9, r ep resen t s  the  a c t u a l  e l ec t ron  ve loc i ty .  Curve 
C, of s lope ( c l /n ) / ( l snbn)  , represents  the  c i r c u i t  cold phase ve loc i ty ,  
where bn i s  known a s  t h e  i n j e c t i o n  ve loc i ty  parameter and i s  a  measure 
of the  beam-wave r e l a t i v e  ve loc i ty .  By d e f i n i t i o n  
where v  and C a r e  t h e  phase ve loc i ty  and coupling parameter, 
on n  
respect ive ly ,  f o r  the  n th  harmonic RF component. Curve D, of s lope  
cl/(n-cl [den(yl)/dyl] ) represents  the  a c t u a l  wave phase ve loc i ty .  
D i f f e r e n t i a t i n g  Eq.  3.13 with respect  t o  the  time, t ,  and 
equating the  r e s u l t  t o  Eq. 3.10, one obtains 
1 ELECTRON TRAJECTORY 
PHASE, nut 
FIG. 3.2 LARGE-SIGNAL FLIGHT-LINE DIAGRAM. 
and 
Thus it fol lows t h a t  
This i s  t h e  veloci ty-phase equat ion g iv ing  a r e l a t i o n  between u and 0 .  
It r e p r e s e n t s  one of t h e  l a rge - s igna l  a n a l y s i s  working equat ions .  
3.2 The C i r c u i t  Equations i n  Lagrangian Coordinates f o r  v = 0 
- - --
The c i r c u i t  equat ions t ak ing  h igher  harmonic components of t h e  
RF wave i n t o  account may be e a s i l y  deduced from t h e  r e s u l t  ob ta ined  i n  
Chapter 11. Thus 
'on 
and van a r e  t h e  i n t e r a c t i o n  impedance and t h e  phase v e l o c i t y ,  
r e spec t ive ly ,  a t  t h e  n th  harmonic. I n  terms of t h e  no ta t ion  of Chapter 11, 
- J L ~ n  - 
'on - ) 
'An 
and 
- K ~ ( B , ~ ) I , ( B ~ ~ )  
+ K ~ ( B ~ ~ ) I ~ ( B ~ ~  ] (3.20) 
Equation 3.17 w i l l  now be c a s t  i n t o  a form t h a t  makes use of t h e  
Lagrangian v a r i a b l e s .  There a r e  a c t u a l l y  n c i r c u i t  equat ions,  one f o r  
each harmonic. The c i r c u i t  vol tage may be w r i t t e n  a s  
where it is  assumed t h a t  t he  vol tage  components can be def ined  a s  t h e  
product of two slowly varying func t ions ,  one of d i s t ance  and one of 
phase. I n  view of t h e  d iscuss ion  fol lowing Eq.  3.11 def ine  @ such t h a t  
n 
where @ i s  t h e  c i r c u i t  phase constant  used previously.  
n 
Making use of t h e  Lagrangian var iables ,  Eq. 3 .21 becomes 
where A (y ) i s  t h e  normalized voltage amplitude f o r  t h e  nth harmonic 
n 1 
along the  c i r c u i t  and Cl is  t h e  coupling parameter f o r  t h e  fundamental 
RF component. 
The beam charge dens i ty  p ( z , t )  f o r  a  t i g h t l y  bunched beam may 
be expected t o  have a l a r g e  number of harmonics. Thus, expanding P 
i n t o  a  Fourier  s e r i e s  i n  the  phase var iable ,  
' n ~  
Since the  fundamental frequency and i t s  harmonics have commensurate 
periods,  t he  Fourier  c o e f f i c i e n t s  f o r  t h e  various harmonics may be 
obtained from 
where T = 2rr~/u, and L is an in t ege r .  Thus 
and 2_5rL 
S u b s t i t u t i n g  these  i n t o  Eq. 3.24 one ob ta ins  
S ince  
Eq. 3.26 becomes 
CO 2 ITL 
pn (z , t )  = ~e  ( 1 & [- ( J' pn(z,@ n  I s i n  @ s i n  ( -@,) 
n=1 0 
p n ( z , t )  = Re[ 2 -L n  ITL e  p n  (z,mn) s i n  Qn dmn 
n=1 0 
pn(z,mn)c0s @ n  d~n)] . 
S u b s t i t u t i n g  from t h e  Lagrangian v a r i a b l e  c o n t i n u i t y  equat ion,  Eq. 3.11, 
t h i s  becomes 
where t h e  prime denotes t h e  v a r i a b l e  of i n t e g r a t i o n .  
Note t h a t  from Eq. 3.27 one may w r i t e  
The f i r s t  and second time d e r i v a t i v e s  of t h e  space-charge d e n s i t y  a r e  
and 
If t h e  normalized c i r c u i t  vo l tage  given by Eq. 3.23 i s  used, t h e  c i r c u i t  
equat ion may now be w r i t t e n  a s  
w 2 
d2nn ( Y, ) z I d2@ n 
cos Q n - c ($1 A ~ ( ~ ~ ~ [  -sin Q n 
dy: 1 n=1 dy: 
z I (:+,' "n(y1) d@n - zollo 
sin @ + --- 
1 dyl dyl n 2 
'lVon 
7 sin @n(~l,@;l)d@;l cos @ - n sin Q n )] . 
0 1 + ~CP(Y~>@;~) 
From Eq. 3.12 one finds that 
and 
Making use of these expressions in Eq. 3.31 one finds that 
00 z I 02c2 
01 0 1 d20n(y1) 
cos dl - s i n  
2 C1 2 n U 
n=1 o o dy: 
d e n ( ~ l )  l2 1 z 1 02c2 Y i n  +(e-  cos m 01 0 1 - 2 -  - - -  dy l  C1 u 0 2 dyl den(y1) *1 1 C 1 
00 
zollo n20210 
s i n  Qn + - 
2 wn(y1)n2o2 cos m n ) = -1 v on ~ L U ~  
'lVon n=1 
cos an(y1, 
cos @ + s i n  Q, 
n 
0 1 + 2c1u(y 1 0 
Since t h e  c o e f f i c i e n t s  of s i n  @ and cos CP on each s i d e  of t h e  equal  
n n 
s ign  a r e  independent of @ and s ince  the  s i n e  and cosine a r e  orthogonal, 
n 
equating c o e f f i c i e n t s  y i e l d s  two c i r c u i t  equations f o r  each value of 11. 
and 
Rewriting the  l a s t  two equations one obtains 
~ ~ ~ n ~ a ~ ~ ~  u2 o 21:1 C O S  @,(Y1, -  - V on flLuo ZolIoCl L 
0 1 + 2C1u(~l?@;l) 
and 
z on n2w2~o u2 o 2xL s i n  mn(y , Q '  
- 
 - r 1 01 v sLu0 z I C 
on 01 o 1 gL 1 + ~ C ~ U ( Y ~ , @ ~ ~ )  
Simplifying fur ther ,  the  c i r c u i t  equations f i n a l l y  become 
and 
These a r e  t h e  c i r c u i t  equat ions i n  Lagrangian coordinates  and r ep resen t  
two a d d i t i o n a l  working equat ions ( a c t u a l l y  t h e r e  a r e  2n of them, i f  
a l l  n harmonics a r e  considered)  i n  t h e  l a r g e  -s i g n a l  a n a l y s i s .  Note t h a t  
t h e s e  equat ions appear i n  t h e  same form as i n  t h e  traveling-wave tube  
case .  This i s  reasonable,  because t h e  plasma i n  t h i s  a n a l y s i s  is 
rep laced  by an  equiva len t  c i r c u i t  s o  t h a t  t h e  plasma e f f e c t s  a r e  hidden 
i n  Zon and von. These l a t t e r  q u a n t i t i e s  may of course be determined 
a f t e r  a s o l u t i o n  of t he  d i spe r s ion  equat ion  f o r  t h e  plasma column has  
been obtained.  
3.3 The Lorentz Force Equation Lagrangian Coordinates 
- -  
I n  t h i s  a n a l y s i s  c o l l i s i o n s  between t h e  beam e l e c t r o n s  and t h e  
plasma p a r t i c l e s  w i l l  be included by adding a term inc luding  t h e  
c o l l i s i o n  frequency, vc, t o  t h e  u s u a l  Lorentz fo rce  equat ion.  Thus 
The e l e c t r i c  f i e l d  i n  Eq. 3.34 i s  now separa ted  i n t o  c i r c u i t  and space- 
charge f i e l d  components. Taking t h e  one-dimensional case  and neg lec t ing  
r e l a t i v i s t i c  e f f e c t s  one obta ins  
where the subscript c denotes circuit terms and the subscript sc 
denotes space-charge terms. Since 
Eq. 3.33 becomes 
From Eq. 3.12 
and from Eq. 3-23 
In view of these results the following force equation in Lagrangian 
coordinates is obtained: 
This form of the  force equation contains the  accelera t ion,  
which needs t o  be eliminated f o r  ease of solut ion of t h e  f i n a l  equations. 
Note t h a t  from Eq. 3.9 
An expression f o r  the  space-charge f i e l d  term of Eq. 3.36 must 
now be found. The harmonic method described i n  d e t a i l  by  owe^^ f o r  
t h e  conventional traveling-wave amplif ier  may be used. A der ivat ion 
of the  space-charge f i e l d  is  outl ined i n  Appendix C.  Thus 
~ K L  
""on(" 1 1-z('n - E 
nsc-z ( ~ ~ 7 @ ~ )  = -  Lrl 9 (3.38) 
0 1 + 2clu(~17@;l) 
where % i s  the  plasma frequency of the  beam elec t rons  and where F 
1 - Z  
i s  the one-dimensional space-charge f i e l d  weighting function r e l a t i n g  
the  influence of an e lec t ron a t  @A on an e lec t ron at  @ i n  determining 
n 
t h e  space-charge f i e l d  forces.  
Now s u b s t i t u t e  Eqs. 3.37 and 3.38 i n t o  Eq. 3.36 t o  obta in  the  
following form of the  force  equation: 
This may be rewri t ten  as 
Making use  of Eq. 3.7 and t h e  f a c t  t h a t  
one ob ta ins  t h e  f i n a l  form of t h e  f o r c e  equat ion:  
This form of t h e  f o r c e  equat ion  i s  appropr ia te  f o r  s o l u t i o n  i n  t h e  
l a r g e - s i g n a l  a n a l y s i s .  It rep resen t s  t h e  last  of t h e  working equat ions 
needed. Thus t h e  s e t  of equat ions t h a t  must be solved c o n s i s t s  of 
Eqs. 3.16, 3.32, 3.33 and 3.40. 
3.4 Inc lus ion  of Loss Due t o  Plasma P a r t i c l e  Co l l i s ions  i n  t h e  Large- 
- ---- --- 
S i g n a l  Equations 
I f  t h e  plasma column i n  a beam-plasma i n t e r a c t i o n  a n a l y s i s  i s  
regarded a s  a lumped element t ransmiss ion  l i n e ,  it t u r n s  out t o  be 
r e l a t i v e l y  s t r a igh t fo rward  t o  include l o s s e s  due t o  plasma p a r t i c l e  
c o l l i s i o n s .  The i n t e r a c t i o n  impedance used i n  t h e  l a r g e - s i g n a l  
nonl inear  i n t e r a c t i o n  equat ions is  then  a complex number, and t h e  
a n a l y s i s  proceeds i n  much t h e  same way a s  i n  t h e  c o l l i s i o n l e s s  case .  
Major changes occur only i n  t he  c i r c u i t  equat ions .  
R e c a l l  t h a t  t h e  f i e l d  q u a n t i t i e s  a long t h e  plasma column were 
def ined  t o  vary as exp[ j (nut  - knz)], where k i s  t h e  complex 
n 
propagat ion cons tan t  of t h e  n th  harmonic, i n  gene ra l  given by 
Here Pn i s  t h e  phase cons tan t  and an i s  t h e  a t t e n u a t i o n  cons tan t .  A 
p o s i t i v e  value of a implies  a l o s s  i n  t h e  wave amplitude. 
n 
The d i s p e r s i o n  equat ion f o r  a plasma column contained i n  a 
d i e l e c t r i c - l i n e d  m e t a l l i c  cy l inde r  was found i n  Chapter I1 and i s  
shown he re  aga in  f o r  t h e  n t h  harmonic. 
Ko(knb)Io(kna) -Ko(kna)l,(knb) 
~ ~ ( k ~ a ) ~ ~ ( k ~ b )  +Ko( na)Il(knb) 3 (3.42) 
where 7 
The equiva len t  c i r c u i t  elements a t  t h e  n th  harmonic a r e  given by 
and 
Note t h a t  when c o l l i s i o n s  a r e  present ,  L and C a r e  complex numbers, 
0 0 
t h e  imaginary p a r t  represent ing  a d i s s i p a t i o n  l o s s .  For such an  
equivalent  c i r c u i t  the  phase ve loc i ty  i s  given by 
and the  c h a r a c t e r i s t i c  impedance i s  given by 
The " c i r c u i t "  equation i s  t h e  same a s  Eq. 3.17, but  Z i s  
on 
now complex. Thus define 
I n  terms of normalized var iables  the  c i r c u i t  voltage i s  given by 
Proceeding a s  i n  Section 3.2 and expanding the  charge dens i ty  i n  a 
Fourier s e r i e s  one obtains 
Thus t h e  c i r c u i t  equat ion may be w r i t t e n  a s  
m 
den (Y,) ) + ( ] } e-j'n('l~%l) 'on 
- (%-  dyl  
1 I n= I ? v  1 
Now t h e  r a t i o  of impedances is  expanded a s  
'on 'onr 'oni A 
= 1- + + j j  = 'nr + j S n i  . 
01 0 1 0 1 
Then Eq. 3.51 may be w r i t t e n  as 
The conservat ion of charge equat ion  i n  normalized v a r i a b l e s  i s  
Since t h e  fundamental frequency and i t s  harmonics a r e  assumed t o  have 
commensurate per iods,  t h e  charge d e n s i t y  may be w r i t t e n  a s  
where 
and L i s  an  i n t e g e r .  S p l i t t i n g  t h e  charge d e n s i t y  i n t o  r e a l  and 
imaginary p a r t s ,  
Then 
and 
'ni nrrL p n  s i n  @ n dm n 
0 
Thus, i n  view of E q .  3.54 
and 
I s i n  @,(~ , ,@;~)dm;~ 
0 1 + 2c 1 ~ ( Y ~ Y Q ; ~ )  
Now Eqs. 3.53 and 3 . 9  a r e  combined and t h e  r e a l  and imaginary 
p a r t s  of t he  var ious  terms of t h e  s e r i e s  on t h e  l e f t -  and r ight-hand 
s i d e s  of t he  equat ion  a r e  equated. Thus two c i r c u i t  equat ions a r e  
obtained:  
and 
S u b s t i t u t i n g  from Eqs. 3.58, the  f i n a l  forms of t h e  c i r c u i t  equat ions 
a r e  a s  fo l lows:  
s i n  @;l)d@;l 
L 
(3.59) 
0 
and 
(3.60) 
The ve loc i ty  phase equation, Eq. 3.16, and t h e  force equation, 
Eq. 3.40, a r e  unchanged when plasma c o l l i s i o n  e f f e c t s  a r e  included. 
The c i r c u i t  equations derived i n  t h i s  sec t ion may be compared 
with the c i r c u i t  equations derived by  owe^ f o r  t h e  traveling-wave 
amplif ier  when l o s s  i s  included. Inspection reveals  t h a t  the  l o s s  
parameter f o r  a traveling-wave amplif ier  i s  r e l a t e d  t o  t h e  imaginary 
p a r t  of t h e  c i r c u i t  impedance used i n  t h i s  study by 
where dn i s  the  traveling-wave tube l o s s  parameter a t  the  nth 
harmonic. Thus 
Since Z i s  negat ive,  a s  was poin ted  out i n  Chapter 11, dn i s  a 
o n i  
p o s i t i v e  quant i ty ,  i n  agreement wi th  traveling-wave tube  theory.  
3.5 I n i t i a l  Conditions and Input  Data - - -
I n  t h e  one-dimensional a n a l y s i s  of t h i s  chapter  t h e r e  a r e  four  
equat ions  i n  fou r  unknowns. The unknown q u a n t i t i e s  a r e  t h e  dependent 
v a r i a b l e s  An(yl) r @,(Y,) r @ n ( ~ l j @ o l )  and u(gl, These a r e  g iven  
i n  terms of t h e  two independent v a r i a b l e s  yl and Qol. It i s  no t  
convenient t o  so lve  t h e  equat ions as a boundary value problem, because 
t h e  condi t ions  a t  t h e  output  of t h e  i n t e r a c t i o n  r eg ion  a r e  not  known 
a p r i o r i .  An i n i t i a l  value problem requ i r e s  a knowledge of t he  
dependent v a r i a b l e s  and some of t h e i r  d e r i v a t i v e s  a t  t h e  input  only.  
A s o l u t i o n  t o  t h e  equat ions may thus  be obtained by i n t e g r a t i n g  along 
p a r t i c l e  t r a j e c t o r i e s  through t h e  i n t e r a c t i o n  reg ion  u n t i l  s a t u r a t i o n  
i s  reached. The fol lowing i n i t i a l  condi t ions  need t o  be s p e c i f i e d .  
1. Define 
t h e  input  s i g n a l  l e v e l  r e l a t i v e  t o  C I V . 
1 0 0  
2. Since t h e  RF s i g n a l  i s  app l i ed  a t  y = 0 and t h e  e l e c t r o n  
1 
stream a l s o  e n t e r s  a t  y = 0, 
1 
f o r  a l l  condi t ions .  
3. From Eq. 3.32 one f i n d s  t h a t  f o r  y = 0, 
1 
It fo l lows  then  t h a t  
4. For an  i n i t i a l l y  unbunched stream 
which says t h a t  t he  stream cannot a f f e c t  t h e  s i g n a l  u n t i l  s t ream 
modulation has occurred. I f  t h e  beam i s  prebunched, however, consider  
Eq .  3.33. Since 
from Eq.  3.65, it fol lows t h a t  
Defining t h e  bunch i n j e c t i o n  phase angle,  an, by 
2  xL s i n  @n(yl,@;l) dQAl 6 s i n  an , 
0  
one ob ta ins  a f t e r  s i m p l i f i c a t i o n  of t h e  above t h a t  
ann@) 113 2n2 (u0/von) (zonr/ l zol I ) 
-2 [ n  ( ) + E~ ] = - c s i n  a 
dyl  n  1 
5 .  Beam bunching i s  s p e c i f i e d  i n  terms of 
where j = O,l,2,  ..., m denotes a p a r t i c u l a r  charge group of e l e c t r o n s  
i n j e c t e d  i n t o  t h e  i n t e r a c t i o n  reg ion .  For an  unbunched s tream input  
t h e  charge groups a r e  uniformly d i s t r i b u t e d  i n  phase over one cyc le  
of t h e  RF wave at y  = 0.  Thus f o r  an  unbunched s tream 
1 
6. Equation 3.9 g ives  an  expression f o r  t h e  e l e c t r o n  v e l o c i t y .  
A t  t h e  input  plane t h e  RF v e l o c i t y  of t h e  j t h  charge group i s  given by 
f o r  an unmodulated stream. 
I n  order  t o  ob ta in  a s o l u t i o n  t o  t he  l a r g e - s i g n a l  equat ions t h e  
fol lowing input  d a t a  must be given.  
1. n, t h e  harmonic number t o  be considered.  
2. C , t h e  beam-"circuit" coupl ing parameter f o r  t h e  fundamental 
1 
RF component. 
3 .  b = ( 1 / ~  ) [(uo/vOl) - 11, t h e  i n j e c t i o n  v e l o c i t y  parameter 
1 1 
f o r  t h e  fundamental s i g n a l .  
4. von/vol , a normalized ve loc i ty  r a t i o  f o r  t he  phase v e l o c i t y  
of t h e  n th  harmonic RF wave. 
/ I  z I ,  t h e  normalized r e a l  p a r t  of t h e  i n t e r a c t i o n  
. zonr 01 
impedance. 
/ I  z I ,  t h e  normalized imaginary p a r t  of t h e  i n t e r a c t i o n  6. 'oni o l  
impedance, i f  plasma c o l l i s i o n s  a r e  included. Both t h e  r e a l  and 
imaginary p a r t s  of t he  impedance a r e  c a l c u l a t e d  f o r  a s o l u t i o n  of t h e  
d i spe r s ion  equat ion,  which is  a separa te  program. 
7 .  v /w, t h e  normalized beam-plasma c o l l i s i o n  frequency. C 
8 B = yb ', t h e  space-charge fo rce  range parameter, where 7 z f3 
i s  t h e  r a d i a l  propagat ion cons tan t  and b '  i s  t h e  e l e c t r o n  stream 
r a d i u s .  
9. %/a, t h e  normalized plasma frequency f o r  t h e  beam e l e c t r o n s .  
The method of s o l u t i o n  and the  r e s u l t s  ob ta ined  w i l l  be d iscussed  in  
Chapter V.  
CHAFTER I V  . TWO -DIMENSIONAL LARGE -S IGNAL BEAM -PLASMA ANALYSIS 
4 . 1  In t roduc t ion  
-
From traveling-wave tube  theory it i s  known t h a t  t h e  r a d i a l  
v a r i a t i o n s  of t h e  c i r c u i t  and space-charge f i e l d s  t end  t o  reduce t h e  
g a i n  and t h e  conversion e f f i c i e n c y .  It i s  t h e r e f o r e  d e s i r a b l e  t o  t ake  
these  e f f e c t s  i n t o  account t h e o r e t i c a l l y  i n  order  t o  ob ta in  b e t t e r  
agreement wi th  experimental  observat ions.  I n  t h i s  a n a l y s i s  t h e  plasma 
" c i r c u i t "  equat ion  w i l l  be  considered t o  be quasi-two-dimensional i n  
na tu re .  The c i r c u i t  f i e l d  term w i l l  be used d i r e c t l y  from t h e  one- 
dimensional a n a l y s i s  descr ibed  i n  t h e  previous chapter .  The r a d i a l  
v a r i a t i o n  i n  t h e  e l e c t r i c  f i e l d  w i l l  be taken  i n t o  account by d e f i n i n g  
a  weighting func t ion  which i s  p ropor t iona l  t o  t h e  r a d i a l  v a r i a t i o n  of  
t h e  l o n g i t u d i n a l  e l e c t r i c  f i e l d .  It w i l l  be shown t h a t  f o r  t h e  
frequency range of i n t e r e s t  t h e  e f f e c t i v e  c i r c u i t  f i e l d  a t  t h e  e l e c t r o n  
s t ream i s  reduced from i t s  value a t  t h e  plasma edge. 
Since t h e  e l e c t r o n  d e n s i t y  and hence t h e  plasma frequency i n  a 
t y p i c a l  e l e c t r o n  s t ream used i n  ampl i f i e r s  of t h e  type considered i n  
t h i s  s tudy is  very much l e s s  than  i n  t h e  plasma, t h e  e l e c t r o n  cyc lo t ron  
frequency due t o  t h e  app l i ed  magnetic f i e l d  needed t o  focus t h e  s t ream 
is  u s u a l l y  considerably g r e a t e r  t han  t h e  plasma frequency of t h e  beam 
e l e c t r o n s .  Thus many ana lyses  assume t o  a  f a i r l y  good approximation 
t h a t  t h e  magnetic f i e l d  i s  i n f i n i t e  a s  f a r  a s  t h e  beam e l e c t r o n s  a r e  
concerned.67 This i n  e f f e c t  neg lec t s  t h e  t r ansve r se  motion of t h e  
s t ream e l ec t rons .  I n  t h e  present  a n a l y s i s  t h i s  r e s t r i c t i o n  w i l l  no t  be 
made, and t h e  e l e c t r o n  stream w i l l  be t r e a t e d  e s s e n t i a l l y  i n  two 
dimensions, i . e . ,  t h e  c i r c u i t  RF p o t e n t i a l  and t h e  space-charge 
p o t e n t i a l  a r e  assumed t o  vary i n  the  r a d i a l  d i r e c t i o n  bu t  a r e  
axisymmetric. The a c t i o n  of a f i n i t e  a x i a l  magnetic focusing f i e l d  
w i l l  be included by considering e l e c t r o n  motion, without bunching, 
around t h e  a x i s .  This i nc lus ion  of t h e  magnetic f i e l d  does n o t  
complicate t h e  equat ions unduly; it merely introduces t h e  angular  
v e l o c i t y  u The coordinates  of t h e  model t o  be considered a r e  
cp ' 
shown i n  F ig .  4 . 1  and the  a n a l y s i s  fol lows t h a t  of Rowe. 46 
The normalized independent space and phase Lagrangian v a r i a b l e s  
a r e  def ined  a s  
and 
where r i s  t h e  mean r ad ius  of a charge r i n g  a t  z = 0 and t h e  o the r  
0 
q u a n t i t i e s  a r e  a s  def ined  before .  The RF vol tage  of t h e  n th  harmonic 
along t h e  i n t e r a c t i o n  reg ion  i s  w r i t t e n  a s  t h e  product of slowly 
varying amplitude and phase func t ions .  Thus 
F I G .  4 . 1  MODEL FOR AN ELECTRON STREAM P A S S I N G  THROUGH A PLASMA 
COLUMN. 
where it i s  assumed t h a t  8 is  t h e  r a d i a l  phase s h i f t  and 
xn 
The quan t i t y  q,(x) of Eq. 4 .5  i s  p ropor t iona l  t o  t h e  r a d i a l  v a r i a t i o n  
of t h e  l o n g i t u d i n a l  e l e c t r i c  f i e l d  ac ros s  t h e  plasma column. A t  t he  
edge of t h e  plasma column, r = b, one may choose by an appropr i a t e  
normalizat  ion t h a t  
l n ( b )  = 1 . 
4.2  - Varia t ion  of t h e  E l e c t r i c  F i e l d  Across t h e  Plasma Column 
-- -
The l o n g i t u d i n a l  e l e c t r i c  f i e l d  v a r i a t i o n  in s ide  a plasma 
column of uniform d e n s i t y  i s  given by 
which has been obta ined  previously.  Here Jo i s  t h e  zero-order Besse l  
func t ion  of  t h e  f i r s t  kind, T i s  t h e  r a d i a l  propagat ion cons tan t  f o r  
Pn 
t h e  n th  harmonic and An i s  an  a r b i t r a r y  cons tan t .  Reca l l  t h a t  t h e  
r a d i a l  propagat ion cons tan t  i s  given by 
Solu t ion  of t h e  d i spe r s ion  equat ion  f o r  a  plasma column y i e l d s  t h e  
co-@ diagram shown i n  F ig .  4 .2.  The cyc lo t ron  frequency i s  chosen t o  
be below cu because i n  a t y p i c a l  device  opera t ing  i n  t h e  10-cm wave- 
P  
l eng th  reg ion  a magnetic f i e l d  ranging from a  few hundred gauss t o  a t  
most one ki logauss ( f  z 2.8 GHZ) i s  u sua l ly  adequate f o r  focus ing  t h e  
C 
e l e c t r o n  stream. For f requencies  i n  Regions I and I1 of Fig.  4 . 2  a  
forward wave can propagate a long  t h e  plasma column so t h a t  a  t r a v e l i n g -  
wave tube type of i n t e r a c t i o n  may t a k e  p lace  between t h e  wave on t h e  
plasma column and t h e  e l e c t r o n  beam space-charge waves. For f requencies  
i n  Region IV a backward wave can propagate along t h e  plasma column, 
which may r e s u l t  i n  backward-wave ampl i f i ca t ion  o r  backward-wave 
o s c i l l a t i o n  i n  t h e  presence of an  e l e c t r o n  beam. The plasma waveguide 
i s  c u t  o f f  f o r  f requencies  i n  Region I11 and does not support  a  wave. 
The d i e l e c t r i c  cons tan t  i s  negat ive i n  t h i s  range. Therefore t h e  
plasma p re sen t s  a n  induct ive  impedance t o  t h e  e l ec t ron  beam. The 
e l e c t r o n  beam t r a v e l i n g  through t h e  plasma column a c t s  i n  cooperat ion 
wi th  the  plasma " c i r c u i t , "  which a lone  cannot support a  propagating slow 
wave. Thus any charge bunching on t h e  beam i s  enhanced, a s  i n  a  
mu l t i cav i ty  k l y s t r o n  o r  i n  an  ~ a s i t r o n "  ampl i f i e r .  This  enhancement 
t a k e s  p l ace  through t h e  induced charges formed i n  t he  plasma by t h e  
a l t e r n a t i n g  f i e l d s  of t h e  modulated e l e c t r o n  beam. The beam e l e c t r o n s  
a r e  slowed down by t h e  f i e l d s  of t h e s e  charges g iv ing  up some of t h e i r  
energy. 
So lu t ion  of Eqs. 4 .9  and 4.10 shows t h a t  Ezn has t h e  d i s t r i b u t i o n s  
shown i n  Fig.  4 . 3  f o r  d i f f e r e n t  values of 0. I n  t h e  reg ion  between t h e  
PLASMA COLUMN 
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FIG. 4.2 DISPERSION CURVES FOR A PLASMA COLUMN. 
PLASMA BOUNDARY 
F I G .  4.3 AXIAL EL;ECTRIC F I E L O  VARIATION AS A FUNCTION OF RAIIIUS 
FOR CASE OF cue < w . 
P 
plasma boundary a t  r = b and t h e  conducting w a l l  a t  r = a t h e  f i e l d s  
go t o  zero exponent ia l ly  i n  a l l  cases ,  a s  shown. I n  t h e  plasma r eg ion  
t h e  f i e l d  d i s t r i b u t i o n  i s  uniform f o r  T = 0 ,  which occurs  a t  w = nu. 
Pn C 
By Eq. 4.10, f o r  v = 0 and k = p, T i s  e i t h e r  a p o s i t i v e  r e a l  o r  a 
Pn 
p o s i t i v e  imaginary number. For T r e a l  t h e  RF f i e l d  is  h ighes t  a long 
Pn 
t h e  a x i s  of t h e  plasma column and decreases  a s  t h e  Besse l  func t ion  J . 
0 
This corresponds t o  Region I of F ig .  4.2.  I f  T i s  imaginary, t h e  
Pn 
RF f i e l d  i s  lowest a long t h e  a x i s  and increases  a s  t h e  modified Besse l  
func t ion ,  
I 0 7  
due t o  t he  f a c t  t h a t  
This corresponds t o  Region I1 of F ig .  4 .2 .  The wave propagat ing a long  
t h e  plasma column i n  t h i s  case  i s  known a s  a su r f ace  wave, which has 
a resonance (f3 -+ a) i n  t h e  range 
a s  was d iscussed  i n  Chapter 11. The resonance frequency i n  t h i s  range 
i s  determined by t h e  geometry and t h e  e f f e c t i v e  d i e l e c t r i c  cons tan t  of 
t h e  ma te r i a l  surrounding t h e  plasma column. 
I f  t h e  e l e c t r i c  f i e l d  d i s t r i b u t i o n  ac ros s  t h e  plasma column i s  
known, it i s  s t r a igh t fo rward  t o  determine an  appropr ia te  f i e l d  weighting 
funct ion,  $ . For t h e  case  of a s o l i d  e l e c t r o n  stream wi th  r ad ius  r 
n m~.' 
equal  t o  o r  smaller  t han  t h e  r ad ius  b of t h e  plasma column, t h e  
weighting func t ion  t ak ing  account of r a d i a l  c i r c u i t  f i e l d  v a r i a t i o n s  i s  
denoted by qn(rml).  Normalizing wi th  r e spec t  t o  t h e  e l e c t r i c  f i e l d  
a t  t h e  plasma column edge one ob ta ins  
On t h e  o the r  hand, f o r  a  t h i n ,  hollow e l e c t r o n  stream wi th  mean r ad ius  
r < b, t h e  weighting func t ion  t ak ing  r a d i a l  f i e l d  v a r i a t i o n s  i n t o  
m2 
account i s  denoted by 
I n  t h e  a n a l y s i s  t o  follow t h e  appropr i a t e  f i e l d  weighting func t ion ,  
tn(rm), given  by Eqs. 4.13 o r  4.14 w i l l  be used. Note t h a t  T and 
Pn 
hence $ must be found through a  s o l u t i o n  of t h e  d i spe r s ion  equat ion of 
n  
t h e  plasma column f o r  t h e  harmonic number n  of i n t e r e s t .  
4 .3  Der iva t ion  of t h e  C i r c u i t  Equations 
- --
A dependent a x i a l  v e l o c i t y  v a r i a b l e  i s  def ined  a s  i n  t h e  one- 
diniens i o n a l  case .  Here., however, r a d i a l  and angular  v e l o c i t y  v a r i a b l e s  
a r e  a l s o  needed. Thus 
and 
From Eq. 4 .15  it fol lows t h a t  
Also, from Eq. 4.7 
Equating Eqs. 4.18 and 4.19 one obta ins  
@ dy 
2C m u  = - - 
1 Y 1 
o r  i n  view of ~ q .  4.18, 
Af te r  s i m p l i f i c a t i o n ,  
This express ion  i s  one of t h e  working equat ions i n  t h e  two-dimensional 
l a rge - s  i g n a l  a n a l y s i s .  
The dependent va r i ab l e  x i s  a func t ion  of y1)x0 and Go=.  A 
gene ra l  express ion  f o r  x may be w r i t t e n  a s  
which becomes, when Eq. 4.16 i s  s u b s t i t u t e d  under t h e  i n t e g r a l  s ign,  
Equation 4.22 c o n s t i t u t e s  another  one of t h e  working equat ions.  
The charge po en te r ing  t h e  i n t e r a c t i o n  reg ion  i s  conserved 
throughout so  t h a t  f o r  any po in t  ( z , r )  t h e  c o n t i n u i t y  of charge equat ion  
becomes ( a x i a l  symmetry i s  assumed) 
Define a l i n e a r  charge dens i ty  a a t  a  given p o s i t i o n  z by 
where b '  i s  t h e  r ad ius  of t h e  s o l i d  c y l i n d r i c a l  e l e c t r o n  stream 
considered here*and \/r i s  given by Eq. 4.13. By E q .  4.23 t h i s  can 
n  
be w r i t t e n  a s  
where t h e  en t e r ing  dc charge dens i ty  p i s  given by 
0 
* 
For a  d iscuss ion  on t h e  appropr ia te  r ad ius  t o  use see See.  4.6. 
The quan t i t y  lazo/az I r e p r e s e n t s  t h e  e l e c t r o n  phase displacement and 
i s  w r i t t e n  a s  i n  t h e  one-dimensional case a s  
From Eq. 4 .15 
Also, note  t h a t  
Thus t h e  e l e c t r o n  phase displacement becomes i n  Lagrangian v a r i a b l e s  
S u b s t i t u t i n g  Eq. 4.27 i n t o  Eq. 4 .25  and s impl i fy ing  
Defining a normalized stream rad ius  by  
C wb' 
and making use of Eq. 4.3, one ob ta ins  
The l i n e a r  charge dens i ty  may be expanded i n t o  a  Four ie r  s e r i e s  
of t h e  phase v a r i a b l e  @,. Thus 
n=1 
where t h e  c o e f f i c i e n t s  cn and d a r e  g iven  by 
n 
and 
I f  t h e s e  c o e f f i c i e n t s  a r e  s u b s t i t u t e d  i n t o  Eq. 4.30, one ob ta ins  
2xL b '  
sin(-mn) +(l 1 qn(b ' ) ~ ~ ( z , r , @ ~ ) c o s  (-(Dn)r d r  dmn cos (-mn) . 
0 0 
> I 
Since cos(-@ ) -t j s i n ( - @  ) = exp(- j@ ), t h i s  expression may be 
n n n 
expanded and then  s imp l i f i ed  t o  y i e l d  
2JrL 
s i n  Q n  r d r  d  + f 1  ~ . ~ ( b ' ) o ~ ( z , r , @  n )cos @ n r d r  dm)] n . 
0 0 
S u b s t i t u t i n g  from t h e  conservat ion of charge equation, Eq. 4.29, one 
ob ta ins  
2xL Xb'  
210 
cos @ ' x l  d x i  d@' 
.-j%(,r n b  n o  01 
u ( z , r , t )  = -Re [ 
2 
JrLuoXbl n=1 o o 1 + 2C X Y  u (Y 1 7x;7@;J 
+ j TL,-T qn (b ' ) s i n  @Ax; dx; dm;l 
'- 1 + 2C u ( Y  ,x;7@;,) 
)I 7 (4.31) 
0 0 1 Y  1 
where t h e  prime denotes  t h e  va r i ab l e  of i n t e g r a t i o n .  Note t h a t  Eq. 4 .31  
may be w r i t t e n  a s  
where x 
m ( b  l )cos  "x; dx; dcl 
0 - - 
nc (4.33) 
0 0 1 + 2c u (y ,x;,ml ) 1 Y  1 01 
and 
The " c i r c u i t "  equat ion  which descr ibes  t h e  RF vol tage  v a r i a t i o n  
along t h e  equiva len t  t ransmission l i ~ e  may be w r i t t e n  i n  gene ra l  a s  
fol lows : 
The f i r s t  term on t h e  le f t -hand  s i d e  f o r  t h e  present  case,  because 
of t h e  quasi-two-dimensional t reatment ,  simply becomes a2vn (z , r ,  t )  /az2. 
Thus Eq. 4.35 i s  
The p o t e n t i a l  func t ion  was def ined  i n  Eq. 4.5.  From Eq. 4.6 one 
f i n d s  t h a t  
and 
The fo l lowingde r iva t ives  of Eq. 4.5, which may be s i m p l i f i e d  by 
Eqs. 4.37 and 4.38, a r e  needed f o r  s u b s t i t u t i o n  i n t o  Eq. 4.36. Note 
t h a t  Qxn = 0 f o r  t h e  quasi-two-dimensional t rea tment  of t h e  c i r c u i t  
* 
equat ion.  
* 
For a d i scuss ion  on t h e  appropr ia te  form of t h e  weighting func t ion  
see  Sec. 4.6. 
z I -dBn 
at' C 
and 
Note t h a t  the  above expressions a r e  v a l i d  a t  the  plasma column edge. 
The right-hand s ide  of Eq. 4.36 requi res  the  second time de r iva t ive  
of the  l i n e a r  charge dens i ty .  From Eq. 4.32, 
a u 
n ,- at - mu s i n  B - mu cos B 
nc n ns n (4.43) 
and 
Subs t i tu t ing  Eqs. 4.40, 4.42 and 4.44 i n t o  Eq. 4.36 and rearranging, 
one obta ins  
2 
$no.) { + [ 5 ( %) - ( - d e n ( ~ l )  TI 1 cos @ 
dyl 
n 
n=1 dyl  1 
03 
d2en (Y, 
+ 'Y ,- qn(b) [A,(Y,)~ + 2 a n ( ~ l )  ( de;El) - ")I s i n  @ 
dyl C1 I 
n 
n=1 dy: 
- 2n2 (%, (2 )  X ( qn(b I)cos @Ax; dx; d@A1 = - y  TtLC g' cos @ ) n 0 0 1 + ~ C P ( Y ~ ' X ; > @ ; ~  n=1 1 
X 
+!IT= 
qn (b ' ) s i n  @Ax; dx; d@Al 
s i n  @ 
0 0 1 + 2c 1 Y  u (Y 1 'x;,@;~) 
Equating t h e  c o e f f i c i e n t s  of s i n  @ and cos @ separa te ly  on each s i d e  
n n 
of the  equal  s ign  and noting t h a t  qn(b) = 1 by Eq. 4.8, one obtains 
the  following two c i r c u i t  equations: 
2n2 (?-) (2 )  5 3 1  2srL 
- i S m ( b  ' ) s i n  @Ax; ax; d@Al . (4.46) 
srLC x2 C 
1 b '  0 0 1 + 2c u (Y 7x;7@;=) 1 Y  1 
These a r e  two more working equat ions i n  t he  l a rge - s igna l  a n a l y s i s .  It 
should be noted t h a t  t h e  l e f t -hand  s ides  of Eqs. 4.45 and 4.46 a r e  t h e  
same a s  i n  t h e  one-dimensional case,  while  t h e  d r i v i n g  terms on the  
r ight-hand s ides  a r e  changed due t o  t h e  modified coupling of t he  
e l e c t r o n  s t ream i n  a r a d i a l l y  varying e l e c t r i c  f i e l d .  
4 .4  Der iva t ion  of t h e  Force Equations 
--- 
The Lorentz fo rce  equat ions a r e  t o  be formulated now s o  a s  t o  
include t h e  e f f e c t s  of t h e  e l e c t r o n  stream and t h e  space-charge fo rces  
wi th in  t h e  s t ream on t h e  waves propagating along t h e  plasma column. 
As usua l ,  low enough v e l o c i t i e s  a r e  assumed so  t h a t  r e l a t i v i s t i c  
e f f e c t s  a r e  n e g l i g i b l e .  Hence RF magnetic f i e l d s  need not be 
considered.  I n  t h i s  two-dimensional a n a l y s i s  angular  bunching of t h e  
beam i s  neglected,  bu t  t h e  a c t i o n  of a f i n i t e  a x i a l  magnetic f i e l d  i s  
included . 
The var ious  components of t he  Lorentz fo rce  equat ion  a r e  w r i t t e n  
a s  follows i f  t h e  magnetic f i e l d ,  Bo, i s  assumed t o  be e n t i r e l y  a x i a l l y  
d i r e c t e d  i n  t h e  RF i n t e r a c t i o n  region:  
d2z 
- - 
nsc -z + 
d t 2  
and 
E represents the radial field due to the dc space-charge. From a 
0 -r 
solution of Poisson's equation in cylindrical coordinates it may be 
found that 
2 
- - -  Po 0
Eo-r 2~ r 
0 
Thus, 
where % is the plasma frequency for the beam electrons. Introducing 
the normalized variables y and x from Eqs. 4.1 and 4.2 and defining 
1 
a 
the cyclotron frequency by wc = vBo as before, the force equations 
become 
2 
d2X C w  0) E - Cx d(P 
dt2 q 2 x C w  u0 nsc-x .I dt 1 
and 
* 
There are no additional terms in the radial force equation because 
of the quasi-two-dimensional assumption. See Sec. 4.6. 
Note t h a t  
which, i n  view of Eq. 4.15 becomes 
S u b s t i t u t i n g  from Eq.  4.18 f o r  dy /d t  y i e l d s  
1 
S i m i l a r l y  one obta ins  
Using t h e  l a s t  two expressions,  t h e  fo rce  equat ions take  t h e  fo l lowing  
form: 
au 
2 c b 2  # ( 1  + 2c u ) = 
1 
1 
1 Y - 7 ( )  n c -  , 
nsc -x 
-2cuc2uu 7 
C l  (P 
Rearranging and s u b s t i t u t i n g  from Eq. 4.39 f o r  (avnc/ay1) one obta ins  
t h e  fol lowing:  
- ~~(y,)r,(b '1 E 
2c2uu0 1 nsc-y ' 
au 2 c 2 x2 l o  u (1 + 2Cluy) = --L u2 + ( > ) - - - q E  C e - -U x CP 4c3 x 2c2uu0 nsc-x clu cp 1 1 1 
and 
The space-charge field terms for the two-dimensional case are derived 
in Appendix C. They are 
The two-dimensional space-charge field weighting functions are 
defined by 
Equations 4.53 and 4.54 may be s u b s t i t u t e d  i n t o  t h e  f o r c e  equations, 
which then  become 
and 
Af t e r  f u r t h e r  s i m p l i f i c a t i o n  one obta ins  t he  fol lowing f i n a l  forms 
of t he  Lorentz fo rce  equat ions:  
au (Y r x o ~ @ o l  d-An(y,) Y 1  cos Qjn 
hY 
1 n=1 dyl 
and 
It i s  poss ib l e  t o  ob ta in  a s impler  form of t h e  angular  f o r c e  
equat ion  from Busch's theorem. 69 It was assumed above t h a t  t h e  
magnetic f i e l d  Bo i s  e n t i r e l y  a x i a l l y  d i r e c t e d  throughout t h e  i n t e r -  
a c t i o n  reg ion .  If t h e  magnetic f i e l d  a t  t h e  e l e c t r o n  beam cathode of  
r a d i u s  r i s  B t hen  one may w r i t e  
C c' 
I f  one de f ines  
then 
Combining Eqs . 4.17 and 4.62 the  fol lowing angular  fo rce  equat ion i s  
obtained : 
For t h e  s p e c i a l  case  of cons tan t  magnetic f i e l d  everywhere (immersed 
flow) K = 1. For sh ie lded  B r i l l o u i n  flow, f o r  which 
t h e r e  i s  assumed t o  be no magnetic f i e l d  a t  t h e  beam cathode and K = 0. 
I f  a  f r a c t i o n  of t h e  focusing f i e l d  t h reads  t h e  cathode region,  t h e  
beam e l e c t r o n  t r a j e c t o r i e s  r i p p l e  i n  going through t h e  i n t e r a c t i o n  reg ion .  
I n  p r a c t i c e  t h i s  problem i s  overcome and balanced flow i s  obtained 
by inc reas ing  t h e  focusing f i e l d  above t h e  B r i l l o u i n  value and p l ac ing  
a bucking c o i l  around t h e  gun reg ion  s o  a s  t o  reduce t h e  f r i n g i n g  f i e l d .  
I n  t h a t  case  
Solving Eq. 4.63 f o r  u and s u b s t i t u t i n g  i n t o  Eq. 4.58, one obtains 
cP 
t he  following s impl i f ied  form of the  r a d i a l  force  equation: 
4.5 I n i t i a l  Conditions and Input Data 
- - -
I n  the  two-dimensional case it i s  i n  general  necessary t o  solve 
seven equations ( ~ q s .  4.20, 4.22, 4.45, 4.46, 4.57, 4.58 and 4.59) i n  
seven unknowns. The seven unknown quan t i t i e s  a r e  the  dependent 
var iables  A,(Y,) , Qn(Y1), @n(~l,x,,Qol), X, U Y (Y 1 ' x ~ ' Q ~ ~ ) ,  x ( ~ l , x o , Q o l )  
and u (y ,x  ,@ ) These a r e  given i n  terms of the  independent ( p 1 0 0 1  
var iables  y , x and QO1. The equations a r e  solved j u s t  a s  i n  the  
1 0' 
one-dimensional case. It is  again necessary t o  speci fy  t h e  i n i t i a l  
conditions on the  dependent var iables .  Thus a t  yl = 0 t he  following 
conditions a r e  required:  
f o r  an  unbunched stream. For a  s t ream bunched i n  t h e  long i tud ina l  
d i r e c t i o n ,  bu t  wi th  n e g l i g i b l e  bunching i n  t he  r a d i a l  d i r e c t i o n ,  
where a i s  t h e  i n j e c t i o n  phase angle def ined  i n  Chapter 111. 
n 
dAn(yl) 
dy l  
where j denotes  a  p a r t i c u l a r  charge group and t h e  s t ream i s  unbunched 
s o  t h a t  t h e  charge groups a r e  i n j e c t e d  uniformly d i s t r i b u t e d  i n  phase 
over one cyc le  of t h e  RF wave. Other d i s t r i b u t i o n s  may be s p e c i f i e d  
when t ak ing  prebunched streams i n t o  account.  I n  t h e  two-dimensional 
a n a l y s i s  one must not  only t ake  t h e  en t e r ing  charge per  r i n g  as 
d i s t r i b u t e d  over @ i n t o  account,  bu t  one must a l s o  consider  l a y e r s  
n 
o r  r i n g s  of charge. 
- 
- n ( ) s i n  a y = o  lZoll 1-1 ' 
These expressions s t a t e  t h a t  t h e  RF v e l o c i t y  components of t h e  j t h  
1 
charge group a r e  zero f o r  an unmodulated stream. 
A s  i n  t h e  one-dimensional case,  t h e  input  da t a  c o n s i s t s  of n, 
C1, bl, vOn/vol, zon/ / zOl 1, yb ' and U+/U. Here, however, t h e  a x i a l  
magnetic f i e l d  must be s p e c i f i e d  i n  t he  form of t he  normalized cyc lo t ron  
frequency, u, /a. I n  addit ion,  t h e  equivalent  c i r c u i t  rad ius  must be 
C 
given by b/b ' and t h e  r a d i a l  c i r c u i t  f i e l d  funct ion,  qn(b '), must be 
spec i f i ed .  
4.6 Discussion on the  Quasi-Two-Dimensional Model Used 
- ---- --
If t h e  f u l l  two-dimensional t reatment  had been used f o r  both t h e  
stream and t h e  c i r c u i t  t he re  would appear a d d i t i o n a l  terms i n  the  r a d i a l  
force  equatiocs following Eq. 4.48 due t o  t h e  d i f f e r e n t i a t i o n  of t h e  
c i r c u i t  f i e l d  expression with r e spec t  t o  r, and a l s o  qn would be a  
funct ion  of x i n  t h e  c i r c u i t  equat ions.  I n  t h a t  case one must use a n  
expression f o r  q ( x )  obtained from t h e  f i e l d  so lu t ion  and depicted i n  
Fig.  4.3. 
A s  an a l t e r n a t i v e  one could employ a two-dimensional t reatment  f o r  
the  s tream but  subdivide t h e  stream i n t o  l aye r s  and use t h a t  value of 
q ( r )  t h a t  i s  an average f o r  t h a t  l a y e r .  One would then have t o  assume 
t h a t  t h e  r a d i a l  pos i t ions  of the  l aye r s  do not  appreciably change during 
sa tu ra t ion .  This i s  probably j u s t i f i e d  a s  long a s  t h e  device i s  operated 
with a  magnetic f i e l d  g r e a t e r  than 50 percent  above the  B r i l l o u i n  f i e l d .  
I n  p r a c t i c e  t h i s  i s  u sua l ly  t h e  case.  
A s  a  t h i r d  a l t e r n a t i v e  one could take  an  e f f e c t i v e  value f o r  t h e  
f i e l d  ac ross  the  beam i n  accordance with Eq. 4.13. The same 
r e s t r i c t i o n s  a s  i n  the  previous case apply. This case was c a r r i e d  
through i n  t h e  de r iva t ion  of the  equations of t h i s  chapter .  
CHAPTER V.  SOLUTION OF THE LARGE-S IGNAL EQUATIONS ON A DIGITAL COMPUTER 
5 . 1  In t roduc t ion  
-
Due t o  t h e  complexity of t he  l a rge - s igna l  equat ions der ived  i n  
Chapters I11 and I V ,  it i s  necessary t o  so lve  them on a d i g i t a l  computer. 
The two c i r c u i t  equat ions f o r  each harmonic can be used t o  e l imina te  
t h e  vol tage  amplitude i n  favor  of t h e  phase va r i ab l e .  The fo rce  
equat ions  and t h e  veloci ty-phase equat ions al low t h e  c a l c u l a t i o n  of 
t h e  e l e c t r o n  v e l o c i t i e s  and t h e  phases. Once t h e  phases a r e  known, 
t h e  amplitudes can then  be ca l cu la t ed  r e a d i l y .  
Since t h e  wave amplitude a t  t h e  end of a beam-plasma i n t e r a c t i o n  
r eg ion  i s  not  a p r i o r i  known f o r  a  given input  s igna l ,  t h i s  l a r g e - s i g n a l  
a n a l y s i s  i s  t r e a t e d  a s  an i n i t i a l  value problem. The working equat ions 
must be w r i t t e n  i n d i f f e r e n c e  form t o  be s u i t a b l e  f o r  machine computation. 
A s e t  of d i s c r e t e  @ a r e  chosen s o  t h a t  t hey  r ep re sen t  t h e  e n t e r i n g  
01, j 
phases of a  s e t  of r ep re sen ta t ive  charge groups a t  t h e  beginning of t h e  
i n t e r a c t i o n  reg ion .  Numerical i n t e g r a t i o n  then  proceeds i n  t h e  
y -d i r ec t ion  i n  f i n i t e  s t e p s .  
An important f a c t o r  t h a t  a f f e c t s  t he  accuracy of computation and 
t h e  execut ion t ime is  the  magnitude of t h e  i n t e g r a t i o n  increment Ay. 
This quan t i t y  must be chosen t o  be small  enough so  t h a t  t h e  change of 
any s i g n a l  quan t i t y  over A y  i s  small .  A d i f f i c u l t y  wi th  very  smal l  A y  
i s  t h a t  i n  a d d i t i o n  t o  increas ing  t h e  computing time t h e  round-off e r r o r  
i nc reases  due t o  t he inc reased  number of i t e r a t i o n s  and t h e  l i m i t e d  
number of s i g n i f i c a n t  f i g u r e s  used i n  t h e  computer a r i t hme t i c .  For 
t h e  r e s u l t s  t o  be presented  i n  t h e  present  chapter  a value of Ay = 0 . 0 1  
was found t o  g ive  reasonable accuracy. 
5 .2  So lu t ion  of t h e  One-Dimensional Equations 
- --- 
The working equat ions  f o r  t h e  one-dimensional case  a r e  Eqs. 3.16, 
3.32, 3.33 and 3.40. If plasma p a r t i c l e  c o l l i s i o n s  a r e  t o  be included, 
t h e  c i r c u i t  equat ions,  Eqs. 3.32 and 3.33, a r e  rep laced  by Eqs. 3.59 and 
3.60. The phase v e l o c i t i e s  and t h e  impedance values occurr ing  i n  t h e s e  
equat ions a r e  known once t h e  appropr ia te  d i spe r s ion  equat ion  of Chapter 
I1 has been solved.  The i n i t i a l  condi t ions  and t h e  input  d a t a  r equ i r ed  
t o  so lve  t h e  l a r g e - s i g n a l  equat ions a r e  l i s t e d  i n  Sec t ion  3.5.  
It should be noted t h a t  i n  a p r a c t i c a l  s i t u a t i o n  only a f i n i t e  
number of harmonics can be included i n  t h e  ana lys i s ,  due t o  t h e  f i n i t e  
number of charge groups (500 i n  t h i s  p a r t i c u l a r  case)  d i s t r i b u t e d  over 
phase t h a t  can be t racked  through the  i n t e r a c t i o n  reg ion .  Thus i n  t h e  
working equat ions t h e  summation i s  terminated a t  a value i n  accordance 
with t h i s  r e s t r i c t i o n .  I n  p a r t i c u l a r ,  t h e  one-dimensional program was 
s e t  up t o  handle a fundamental input  s i g n a l  and up t o  t h r e e  harmonics. 
Beam space-charge e f f e c t s  were not  included i n  t h e  one-dimensional case .  
The experimental work of t h e  present  s tudy t o  be descr ibed  i n  
Chapter V I  was conducted i n  t h e  L-band and S-band frequency reg ions .  
I n  order  t o  i n su re  t h a t  t h e  c a l c u l a t i o n s  a r e  u s e f u l  f o r  l a t e r  comparison 
with experiment, some of t h e  parameters needed f o r  t h e  computations w i l l  
be  ca l cu la t ed  he re  and l i s t e d  below i n  t a b u l a r  form. 
The fundamental RF frequency was chosen t o  be 1.7 GHz and t h e  
e l e c t r o n  cyc lo t ron  frequency corresponded t o  a reasonable a x i a l  magnetic 
f i e l d  f o r  focusing t h e  e l e c t r o n  beam. For t h e  p a r t i c u l a r  beam o p t i c s  
t o  be employed, Bo > BBr, where t h e  B r i l l o u i n  magnetic f i e l d  i s  given 
b y69 
I n  t h e  p re sen t  case B  Z 200 G. The e f f e c t i v e  d i e l e c t r i c  cons t an t  of B r  
t h e  space between t h e  beam o r  t he  plasma column and t h e  surrounding 
m e t a l l i c  cy l inde r  determines t h e  value of K ~ .  It was chosen t o  be 
2.0 f o r  t h e  p re sen t  c a l c u l a t i o n s .  The plasma frequency was measured 
o r  ca l cu la t ed ,  a s  descr ibed  i n  Chapter V I .  There was no way of 
measuring t h e  c o l l i s i o n  frequencies  e i t h e r  d i r e c t l y  o r  i n d i r e c t l y ;  
hence they  were ca l cu la t ed  a s  fol lows.  
The c o l l i s i o n  frequency between e l e c t r o n s  and heavy p a r t i c l e s  i n  
t h e  plasma i s  given i n  rad/s  by 
where i s  t h e  average e l e c t r o n  v e l o c i t y  and h i s  t h e  mean-free-path 
e  
of t h e  e l e c t r o n s .  
- 
v  = J 8kTe rtm 
e  
f o r  a  Maxwellian v e l o c i t y  d i s t r i b ~ t i o n . ~ ~  Here Te i s  t h e  e l e c t r o n  
temperature,  m i s  t h e  e l e c t r o n  mass, and k i s  t h e  Boltzmann cons t an t .  
e  
7 0 The e l e c t r o n  mean-free-path i s  given by 
h r 4 G h  , 
e (5 .4)  
where h i s  t h e  mean-free-path f o r  t h e  background gas p a r t i c l e s  when a 
hard-sphere c o l l i s i o n  model is  assumed. For example, i n  xenon a t  50°C 
and a pressure  of 1.10-~ Torr, h = 6.61 cm. Thus he = 37.4 cm. m a 
magnetic f i e l d  of a few hundred gauss t h e  plasma e l e c t r o n  temperature 
was measured t o  be approximately 15,000°X. Thus = 7 . 6 . 1 0 ~  m / s .  These 
values y i e l d  a c o l l i s i o n  frequency of 2 .03 MHz i n  t h e  plasma. I n  t h e  
absence of  a magnetic f i e l d  o r  f o r  a s l i g h t l y  h igher  pressure  t h i s  va lue  
could be somewhat l a r g e r .  The e f f e c t  of c o l l i s i o n s  i n  t h e  plasma column 
may t h e r e f o r e  be expected t o  be q u i t e  small  f o r  t h e  range of parameters 
app l i cab le  t o  t h e  experimental  work of t h e  p re sen t  s tudy.  
The e f f e c t  of c o l l i s i o n s  due t o  t h e  beam e l e c t r o n s  may be shown 
t o  be s u b s t a n t i a l l y  l a r g e r ,  however. For beam e l e c t r o n s  above s e v e r a l  
hundred v o l t s  t h e  p r o b a b i l i t y  f o r  an  e l a s t i c  c o l l i s i o n  i s  cons iderably  
l e s s  t han  f o r  a n  ion iz ing  co l l i s ion .70  Thus f o r  beam e l ec t rons  a t  
520 V (uo = 1.35. lo7 m/s) and a beam cu r ren t  of 8.8 mA pass ing  through 
t h e  xenon plasma a t  a pressure  of 1.10-~ Torr t h e  c o l l i s i o n  frequency 
i s  es t imated  t o  be 6 . 4  MHz. Thus v,/o, = 0.00376. Inspec t ion  of t h e  
fo rce  equation, Eq. 3.40, r evea l s  t h a t  t h e  term conta in ing  vc/os may 
not be expected t o  be n e g l i g i b l e  due t o  t h e  presence of t h e  1/c2 f a c t o r .  
1 
Since C i s  o r d i n a r i l y  i n  t h e  order  of 0.1, t h e  c o l l i s i o n  term i n  t h e  
1 
force  equat ion  i s  i n  t h e  order  of un i ty ,  which i s  comparable t o  t h e  
magnitude of  t h e  o ther  terms. Table 5 . 1  l i s t s  t h e  parameters needed t o  
spec i fy  t h e  input  t o  t h e  l a rge - s igna l  program. 
Table 5 . 1  
Plasma Device Parameters 
Signal  Frequency, f s  = ms/2n 1.7 GHZ 
K 
e 
2.0 
Outer Shield Radius, a 0.952 cm 
" ~ i r c u i t "  Radius, b 0.152 cm 
Beam Radius, b ' 
Magnetic Field, Bo 
Electron Cyclotron Frequency, f c  
ac/ms 
Plasma Frequency, f 
P 
Pressure 
Mean -Free -Path fo r  Xenon 
Plasma Coll ision Frequency, v 
Beam Collision Frequency, v C 
0.125 cm 
260 G 
728 MHZ 
0.428 
2.49 
4.24 GHz 
1. Torr 
6.61 cm 
12.7. lo6 rad/s 
40.7 lo6 rad/s 
0.0012 
0.0038 
The interact ion impedance values for  the fundamental and the  
f i r s t  three harmonics were calculated from the  above data and the  
solution t o  the dispersion equation. The r e su l t s  a re  shown i n  
Table 5.2. 
Table 5.2 
Equivalent C i rcu i t  Impedance Values 
z = 340 n 
'oli  = -11.3 n 01r 
Z = 175 Q 
'02i 
= -5.82 n 
02r 
z = 103 n z 
ogi  = -3.42 n 03r 
z = 74 n 
'oqi = -2.46 n O& 
I n  Fig. 5.1, the  v a r i a t i o n  of soae of the  important parameters 
f o r  a beam-plasma ampl i f ie r  i n  t h e  v i c i n i t y  of the  s i g n a l  frequency i s  
shown. The gain parameter, C1, i s  0.113 a t  1.7 GHz f o r  the  above 
condit ions.  The plasma c h a r a c t e r i s t i c s  a r e  assumed t o  be so  adjusted 
t h a t  beam-wave synchronism (bl = 0)  occurs a t  1.7 GHz. From one- 
dimensional l i n e a r  traveling-wave tube theory7' it may be expected t h a t  
ga in  occurs between b = -1.5 and b = 2.3. This corresponds t o  a 
1 1 
frequency range of 1.44 t o  1.94 GHz, a s  shown i n  Fig. 5.1. 
The one-dimensional program was wr i t t en  i n  Fortran I V  and was 
solved on an D M  360/67 d i g i t a l  computer. A t y p i c a l  run with one s i g n a l  
present  required an execution time of two minutes, i f  16 charge groups 
d i s t r i b u t e d  over phase were in jec ted  i n t o  t h e  in te rac t ion  region.  A 
four-s ignal  run usual ly  requi red  64 charge groups f o r  reasonable 
accuracy and a computing time of approximately 8 minutes . 
One -Dimensional Results  
-
5.3.1 No Col l i s ions .  Figure 5.2 shows the  voltage amplitude 
- -  
and the  power l e v e l  r e l a t i v e  t o  CIIoVo a long  the  beam-plasma i n t e r a c t i o n  
region when only one s ignal ,  t h e  fundamental frequency, was assumed t o  
F I G .  5 .l OPERATING PARAMETERS FOR THE BEAM-CONFINED MODE OF A BEAM- 
GENERATED PLASMA COLUMN INTERACTING WITH THE ELECTRON BEAM. 
( f  = 4.24 GHz, f = 728 MHz, a/b = 6.26, b / b l  = 1.217) P C 
F I G  .. 5.2 VOLWGE AMPLITUDE AND POWER LEVEL OF THE FUNDAMENTAL AS A 
FUNCTION OF D I S W N C E  ALONG A BEAM-PLASMA A M P L I F I E 3 .  (C = 
1 
0.111, bl = 0.8, Zol = 324 0, vC/u = 0, f = 4.24 GHz, P 
f = 728 MHz, f s  = 1.79 GHZ) 
C 
i n t e r a c t  wi th  t h e  beam space-charge waves. This, a s  w e l l  a s  most 
subsequent one-dimensional r e s u l t s ,  a p p l i e s  t o  a beam vol tage  of 520 V 
and a beam cu r ren t  of 8.8 mA. The plasma column i s  assumed t o  be 
generated by t h e  e l e c t r o n  beam, which corresponds t o  a l a r g e  p o r t i o n  of 
t h e  experimental  d a t a  t o  be presented i n  Chapter V I .  The input  l e v e l  
of t h e  fundamental s i g n a l  was normalized wi th  r e spec t  t o  t h e  beam power 
and was almost always chosen t o  be 30 dB below CIIoVo. This va lue  
corresponds approximately t o  t h e  ga in  obtained i n  t h e  beam-plasma 
i n t e r a c t i o n  and t h e r e f o r e  i s  convenient f o r  comparing t h e  s a t u r a t i o n  
lengths  of t h e  var ious  t h e o r e t i c a l  and experimental  ca ses .  Figure 5.2 
shows t h a t  t h e  device s a t u r a t e s  a t  a d i s t ance  y = 6.1, o r  8.75 
e l e c t r o n i c  wavelengths, corresponding t o  an a c t u a l  d i s t ance  of 7.23 cm, 
wi th  a ga in  of 35 dB. 
The i n i t i a l  amplitude of t h e  harmonics could not  be s e t  
i d e n t i c a l l y  equal  t o  zero because s i n g u l a r i t i e s  would then  have r e s u l t e d  
i n  t he  d i f f e r e n c e  equat ions;  however, t h e  i n i t i a l  harmonic amplitudes 
were chosen s u f f i c i e n t l y  small  t o  have no e f f e c t  on t h e  manner i n  which 
satura-ttion occurred. It was found t h a t ,  i f  t h e  input  l e v e l  of t h e  
harmonics was a t  l e a s t  80 dB below CIIoVo, t h e  vol tage amplitudes a s  
a func t ion  of a x i a l  d i s t ance  d i d  not  depend on the  i n i t i a l  l e v e l s  of 
t h e  harmonics. Thus a value of 90 dB below C,IoVo was o r d i n a r i l y  used. 
I n  Figs.  5.3 through 5.5 t h e  r e s u l t s  f o r  condi t ions  i d e n t i c a l  t o  those  
f o r  F ig .  5 . 2  a r e  shown, bu t  with harmonics through t h e  second, t h i r d  
and fou r th ,  r e spec t ive ly ,  assumed t o  be coupled out  of t h e  device .  Note 
t h a t  t he  presence of h igher  harmonics reduces t h e  amplitude of t h e  
fundamental because a f r a c t i o n  of t h e  beam power converted t o  RF power 
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i s  converted i n t o  harmonic power. For example, t h e  f i g u r e s  show t h a t  
t h e  presence of t h r e e  harmonics reduces t h e  power l e v e l  i n  t h e  
fundamental s i g n a l  by approximately 6 dB. For a  uniform plasma column 
c a l c u l a t i o n s  i n d i c a t e  t h a t  t h e  fundamental and only t h e  second harmonic 
should e x i s t ,  because the  o the r  harmonics a r e  w e l l  above t h e  plasma 
frequency. I n  a c t u a l  p r a c t i c e ,  a s  t h e  experimental  r e s u l t s  show, h igher  
harmonics could be de t ec t ed .  This i s  be l ieved  t o  be due t o  nonuniformit ies  
i n  t h e  plasma column, such t h a t  t h e  plasma frequency near  t h e  cen te r  of 
t he  column is  cons iderably  g r e a t e r  than  the  es t imated  value of 4.24 GHz. 
F igures  5.6 and 5.7 g ive  an  overview of t h e  v a r i a t i o n  of t h e  
maximum s i g n a l  amplitudes and t h e  s a t u r a t i o n  l eng th  a s  t h e  v e l o c i t y  and 
g a i n  parameters a r e  var ied .  These r e s u l t s  were obtained from a l a r g e  
number of computer runs .  The fundamental and the  next  two harmonics 
only were assumed t o  e x i s t  i n  t h e  beam-plasma device.  The range of 
values f o r  bl and C i s  reasonable i n  a beam-plasma ampl i f i e r  of t h e  
1 
type u s e f u l  f o r  t h e  present  s tudy .  Figure 5.6 ind ica t e s  t h a t  t h e  
minimum d i s t a n c e  f o r  s a t u r a t i o n  occurs f o r  bl - 0.7, even though more 
power output  can be obtained when a l a r g e r  value of bl and a longer  
i n t e r a c t i o n  d i s t a n c e  i s  used. For values of bl > 2.0 t h e  output  from t h e  
device f a l l s  o f f  very sharp ly  due t o  the e l e c t r o n  stream being t o o  f a r  
out of synchronism wi th  r e s p e c t  t o  t h e  RF wave. I n  F ig .  5.7 t h e  s i g n a l  
l e v e l  at t h e  output  decreases  wi th  an  increase  i n  t h e  ga in  parameter.  
This i s  s o  because the  value of b  i s  kept f i xed .  I f  b  would be 
1 1 
increased  appropr i a t e ly  a s  C1 i s  increased  i n  order  t o  maximize t h e  
output ,  then  t h e r e  would be a  r i s e  i n  t he  vol tage  amplitude curves a s  
C i nc reases .  
1 
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5.3.2 E f f e c t  of Beam Co l l i s ions .  Figures  5.8 and 5.9 show t h e  
-- 
vol tage  amplitude and the  s i g n a l  l e v e l  of t h e  fundamental f o r  var ious  
c o l l i s i o n  frequency values.  Figure 5.8 is  f o r  synchronism between beam 
and wave, b  = 0, while F ig .  5.9 is  f o r  b  = 1.4 .  I n  t h e  l a t t e r  f i g u r e  
1 1 
an increase  i n  t h e  c o l l i s i o n  frequency causes a  more r a p i d  r i s e  i n  t h e  
vol tage  amplitude and considerably e a r l i e r  s a t u r a t i o n .  This is  due t o  
t he  f a c t  t h a t  f o r  a value of bl = 1 . 4  t h e  beam t r a v e l s  considerably 
f a s t e r  t han  t h e  wave, and maximum ga in  occurs  l a t e r  t han  f o r  lower 
values of bl. The c o l l i s i o n  term i n  the  fo rce  equation, however, 
r e p r e s e n t s  a slowing con t r ibu t ion  t o  t h e  v e l o c i t y .  Thus a  lower value 
of b a c t u a l l y  app l i e s  when beam c o l l i s i o n  e f f e c t s  a r e  included, 
1 
r e s u l t i n g  i n  t h e  more r a p i d  s a t u r a t i o n  seen i n  F ig .  5.9. I n  most of 
t h e  experimental  cases  t o  be d iscussed  i n  Chapter V I ,  v  /o was between 
C 
0.001 and 0.003. 
When t h e  fundamental and t h e  next t h r e e  harmonics were assumed 
t o  e x i s t  i n  t he  device,  t h e  vol tage  amplitudes and s i g n a l  l e v e l s  shown 
i n  Fig.  5.10 were ca l cu la t ed  f o r  t h e  case bl = 0.8 and vc/o = 0.001. 
Comparing t h i s  with t h e  corresponding no -co l l i s ion  case of Fig.  5.5 
a r educ t ion  i n  s a t u r a t i o n  ga in  of nea r ly  1 dB may be found due t o  beam 
c o l l i s i o n  e f f e c t s .  
5.3.3 Ef fec t  - of Plasma Ccl . l i s ions .  The e f f e c t  of' plasma 
c o l l i s i o n s  on t h e  ga in  of a beam-plasma ampl i f i e r  when only t h e  
fundamental s i g n a l  i s  p resent  i s  shown i n  F ig .  5.11. For a c o l l i s i o n  
frequency es t imated  t o  apply t o  t h e  experimental device of t h i s  study 
v/o r 0.0012, which y i e l d s  an impedance r a t i o  Z / I z  I = -0.0303. 
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FIG.  5.9 VOLTAGE AMPLITUDE AND SIGNAL LEVEL OF THE FUNDAMENTAL AS A 
FTJNCTION OF DISTANCE ALONG A BEAM-PLASMA AMPLIFIER, WITH 
BEAM-PLASMA COLLISIONS INCLUDED. (C = 0.110, b = 1.4, 
1 1 
z = 3 1 2  n, f = 4 . 2 4 ~ ~ ~ ,  f c  = 7 2 8 ~ ~ 2 ,  fs = 1 . 8 5 ~ ~ ~ )  
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F I G .  5.11 VOLTAGE AMPLITUDE AND SIGNAL LEVEL OF THE FUNDAMENTAL A S  A 
FUNCTION OF DISTANCE ALONG A BEAM-PLASMA AMPLIFIER SHOWING 
THE EFFECT OF PLASMA COLLISIONS. (C = 0.111, b = 0.8, 
1 1 
Z = 3 2 4  Q, v c / o = O ,  f = 4 . 2 4  GHz, fe = 7 2 8 ~ ~ ~ )  f = 
01r P S 
1.79 GHZ) 
The reduct ion  i n  ga in  amounts t o  l e s s  than  0 . 1  dB. Thus t h e  e f f e c t  i s  
very  small ,  a s  was a l r eady  a n t i c i p a t e d  i n  Sec t ion  5.2.  Comparing the  
case  f o r  t h e  fundamental and t h r e e  harmonics depic ted  i n  F ig .  5.12 wi th  
t h e  case f o r  no plasma c o l l i s i o n s  of F ig .  5.5, t h e  d i f f e r ences  a r e  aga in  
seen t o  be almost n e g l i g i b l e .  
5 . 3 . 4  Two-Signal Operation. The computer program used f o r  t h e  
-- 
one-dimensional c a l c u l a t i o n s  was w r i t t e n  i n  a s u f f i c i e n t l y  gene ra l  way 
so  t h a t  no t  only harmonic f requencies  bu t  a l s o  f a i r l y  c l o s e l y  spaced 
s i g n a l s  could be analyzed. This makes t h e  program s u i t a b l e  f o r  
mul t i s  i g n a l  s t u d i e s  on traveling-wave tubes72 and s i m i l a r  devices .  
When two s i g n a l s  a r e  introduced i n  a beam-plasma device and t h e  
d i s p e r s i o n  of t h e  plasma column i s  s u f f i c i e n t l y  small, intermodulat ion 
products  at mfa-nfb, where m = 2,3, ... and n = 1 , 3 , . . . ,  (m > n) ,  may 
be generated.  I n  add i t i on ,  crossmodulation r e s u l t i n g  i n  i n t e r f e rence  
between t h e  input  s i g n a l s ,  f  and fb,  may t ake  p lace .  These cons ide ra t ions  
a 
a r e  of importance when t h e  device i s  t o  be used i n  a mult ichannel  
communication system, f o r  example. 
One of t he  problems encountered when mul t i s igna l  opera t ion  i s  
t o  be analyzed i s  t h e  increase  of t h e  number of charge groups t h a t  have 
t o  be followed through t h e  i n t e r a c t i o n  reg ion  and t h e  r e s u l t i n g  increase  
i n  computer t ime. This increase  i s  due t o  t h e  f a c t  t h a t  t h e  i n t e g r a t i o n  
over t h e  en t e r ing  charge groups has  t o  be c a r r i e d  out  over a complete 
per iod  of t h e  input,which is  gene ra l ly  longer  than  t h e  per iod  of  each 
s i n g l e  s i g n a l .  For example,for two input  s i g n a l s  w i th  f requencies  spaced 
f i v e  percent  apa r t ,  t he  per iod  of t h e  combined input  i s  20 t imes the  
per iod  of a s i n g l e  s i g n a l .  Thus it was not  poss ib l e  t o  make c a l c u l a t i o n s  

f o r  input  s i g n a l s  spaced apprec iab ly  c l o s e r  t h a n  100 MHz a p a r t .  For 
t h e  case of F ig .  5.13, where f = 1.7 GHz and f b  = 1.8 GHz, 305 charge 
a 
groups had t o  be t r acked  through t h e  i n t e r a c t i o n  reg ion  f o r  reasonable 
accuracy. The program was s e t  up t o  handle a t  most 500. For example, 
f o r  a spacing of 6 MHz between f a  and f b ,  more than  4600 charge groups 
would have been r equ i r ed .  This would have made a computation e n t i r e l y  
imprac t i ca l  from a s tandpoin t  of computing time used. 
The two input  s i g n a l s  of equal  magnitude shown i n  Fig.  5.13 were 
chosen t o  be approximately 6 dB below t h e  s a t u r a t i o n  value i n  order  
t o  i n su re  a s h o r t  i n t e r a c t i o n  length  and thus  conserve computing t ime.  
Approximately seven minutes of execut ion time was requi red  f o r  t h e  case  
shown. S i g n a l  f b  i s  seen t o  grow more r ap id ly ,  even though it i s  t h e  
h igher  frequency s igna l ,  because i t s  v e l o c i t y  parameter i s  c l o s e r  t o  
t h e  value corresponding t o  maximum s a t u r a t i o n  ga in  than  i s  t h e  case  f o r  
f a .  Thus t h e  dominance of t he  lower frequency s i g n a l  f r equen t ly  seen 
i n  l e s s  d i s p e r s i v e  devices ,  such a s  a he l ix- type  traveling-wave tube,  
i s  masked i n  t h i s  case .  I n  F ig .  5.14 t h e  lower frequency s i g n a l  does 
dominate, bu t  t h i s  is  due t o  t he  f a c t  t h a t  it i s  approximately 6 dB 
l a r g e r  a t  t h e  i npu t .  I n  genera l  it can be s a i d  t h a t  t h e  s i g n a l  with the  
l a r g e s t  i n i t i a l  s t r e n g t h  o r  t he  most r ap id  growth r a t e  i s  l i k e l y  t o  
dominate, un less  t h e  c i r c u i t  i s  q u i t e  nondispersive.  I n  t h a t  case,  f o r  
s i g n a l s  t h a t  have a n  approximately equal  i n i t i a l  magnitude, t he  lower 
frequency s i g n a l  may dominate. This i s  found t o  be t r u e  i n  t he  
experimental p a r t  of t h i s  study, where t h e  frequency d i f f e rence  between 
t h e  input  s i g n a l s  was only a few MHz. 


5.4 So lu t ion  of t h e  Two-Dimensional Equations 
- --- 
The working equat ions f o r  t h e  two-dimensional case a r e  Eqs. 4.20, 
4.22, 4.45, 4.46 and 4.57 through 4.59. The equat ions a r e  solved a s  
i n  t h e  one-dimensional case.  The i n i t i a l  condi t ions  and t h e  r equ i r ed  
input  d a t a  were d iscussed  i n  Sec t ion  4.5. The fol lowing a d d i t i o n a l  
information i s  r equ i r ed  f o r  t h e  two-dimensional case .  
The cyc lo t ron  frequency not  only appears  i n  t h e  d i spe r s ion  
equat ion  i n  t h i s  case,  bu t  a l s o  i n  t h e  beam f o r c e  equat ions.  When beam 
space-charge e f f e c t s  a r e  included i n  t h e  c a l c u l a t i o n s ,  t h e  plasma 
frequency of t h e  beam e l ec t rons ,  fb ,  i s  r equ i r ed .  It i s  given by73 
where I i s  t h e  cu r r en t  dens i ty  i n  t h e  e l e c t r o n  beam. For a 520 V D 
beam ca r ry ing  a cu r ren t  of 8.8 mA and a beam rad ius  of 0.125 cm, f is  b 
259 MHz. 
I n  t h e  two-dimensional a n a l y s i s  t h e  en t e r ing  e l e c t r o n  s t ream 
is  d iv ided  r a d i a l l y  i n t o  th ree  annular  l a y e r s  and wi th in  each l a y e r  
32  charge groups a r e  i n j e c t e d  i n t o  the  i n t e r a c t i o n  reg ion .  Because 
charge groups a r e  followed a t  var ious  r a d i a l  pos i t i ons ,  the  a x i a l  
v e l o c i t y  can vary over t he  beam c ros s  s e c t i o n .  The program was s e t  
up t o  handle only one s i g n a l ,  namely the  fundamental. Thus only A (y) 
1 
could be obta ined  i n  t h e  two-dimensional case ;  however, t h e  normalized 
RF cu r ren t s ,  i n /~o ,  f o r  t h e  fundamental and harmonics through t h e  f i f t h  
were computed. I f  I and t h e  i n t e r a c t i o n  impedance a t  t h e  harmonics 
0 
a r e  known, t h e  harmonic output power can e a s i l y  be computed t o  a f a i r  
approximat ion.  
The program f o r  the  two-dimensional case was w r i t t e n  d i r e c t l y  i n  
machine language f o r  t h e  I B M  7090 computer. A t y p i c a l  run neglect ing 
beam space-charge e f f e c t s  requi red  an  execution time of e i g h t  t o  twelve 
minutes, depending on the  i n t e r a c t i o n  length .  When space-charge e f f e c t s  
were included, t h e  execution time f o r  a s i m i l a r  run was 1-112 t o  2 
hours. For t h a t  reason only a few space-charge runs were obtained. 
Two-Dimens i o n a l  Results  
- 
I n  Fig. 5.15 t h e  r e s u l t s  obtained from t h e  one-dimensional model 
a r e  compared with those f o r  two-dimensional theory, both without and 
with space-charge e f f e c t s  included. The ga in  a t  s a t u r a t i o n  i s  
approximately 0.6 dB l e s s  when two-dimensional e f f e c t s  a r e  included. 
Sa tu ra t ion  occurs a t  a pos i t ion  approximately 33 percent  f a r t h e r  along 
the  device when compared with the  one-dimensional case.  I n  p a r t i c u l a r ,  
it should be noted t h a t  beam space-charge e f f e c t s  do not make a very 
d r a s t i c  d i f ference  i n  t h e  ga in  and power output l eve l ,  j u s t i f y i n g  t h e  
neglec t  of space-charge e f f e c t s  i n  many of the  ca lcu la t ions .  
Figures 5.16 and 5.17 show the  t r a j e c t o r i e s  of t h e  32 charge 
groups i n  each l a y e r  of t h e  e l ec t ron  stream. As s a t u r a t i o n  i s  approached 
t h e  e l ec t rons  make ever  wider excursions from t h e i r  r a d i a l  s t a r t i n g  
pos i t ions .  Comparing Figs.  5.16 and 5.17 it may be seen t h a t  when space- 
charge e f f e c t s  a r e  included, these  excursions a r e  much g r e a t e r  due t o  
t h e  space-charge repuls ion  forces .  The l i n e  l abe led  "plasma boundaryu i s  
more meaningful i n  a traveling-wave tube than  it is  here .  Some of t h e  
e l ec t rons  of Fig.  5.17 a r e  seen t o  be in tercepted  on t h e  boundary. 
The d i g i t a l  computer program is s e t  up so  t h a t  these  e l ec t rons  a r e  
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removed from f u r t h e r  i n t e r a c t i o n .  I n  t h e  beam-plasma ampl i f i e r  t h e  plasma 
boundary p o s i t i o n  i s  a t  the  e f f e c t i v e  r ad ius  of t h e  equiva len t  c i r c u i t .  
I n  an a c t u a l  device making use  of a  beam-generated plasma t h e r e  i s  
nothing a t  t h i s  p o s i t i o n  except  ion ized  and un-ionized gas p a r t i c l e s .  
Thus an e l e c t r o n  could r e a d i l y  c ros s  and r e c r o s s  t h e  " c i r c u i t "  l i n e .  
The two f i g u r e s  of t he  t r a j e c t o r y  p l o t s ,  a s  we l l  a s  F ig .  5.18, were 
obtained d i r e c t l y  from t h e  computer through t h e  use  of a p l o t t i n g  r o u t i n e .  
Figure 5.18 shows t h e  normalized RF v e l o c i t y  v a r i a b l e s  of t h e  
32 charge groups i n  each s t ream l a y e r  a s  a  func t ion  of phase wi th  
r e s p e c t  t o  t h e  RF wave. Beam space-charge e f f e c t s  were included.  
I n i t i a l l y  a l l  e l ec t rons  should be uniformly d i s t r i b u t e d  over v e l o c i t y  
space near  1 + 2 ~ ~ ( ~ )  = 1. As RF i n t e r a c t i o n  t akes  p lace  some 
e l e c t r o n s  a r e  speeded up and some a r e  slowed down t o  g ive  up a  p a r t  of 
t h e i r  k i n e t i c  energy t o  t he  wave. For e f f i c i e n t  RF ampl i f i ca t ion  t h e r e  
should be more of t he  l a t t e r .  The f i g u r e  i n  t h e  upper l e f t  of F ig .  5.18 
shows the  v e l o c i t y  d i s t r i b u t i o n  a t  an  a x i a l  p o s i t i o n  10 dB below 
s a t u r a t i o n .  The f i g u r e s  i n  t h e  upper r i g h t  and lower l e f t  a r e  f o r  6 
and 3 dB below s a t u r a t i o n ,  r e s p e c t i v e l y .  A t  t he  s a t u r a t i o n  plane,  
depic ted  i n  the  lower r i g h t  f i gu re ,  it may be seen t h a t  r e l a t i v e l y  more 
e l e c t r o n s  have slowed down than  have been speeded up. This means they  
have given up some of t h e i r  k i n e t i c  energy. I f  a  s i m i l a r  f i g u r e  were 
obta ined  beyond t h e  s a t u r a t i o n  plane,  some e l e c t r o n s  would move aga in  t o  
t h e  upper h a l f  of t he  f i g u r e ,  t ak ing  RF energy away from t h e  wave. 
The fundamental and t h e  harmonic RF cu r ren t s  a r e  shown i n  
F igs .  5.19 through 5.21. Figure 5.19 shows t h e  t o t a l  normalized RF 
cu r ren t s ,  while F igs .  5.20 and 5 .21  show t h e  RF l a y e r  cu r r en t s  
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normalized wi th  r e spec t  t o  t h e i r  r e spec t ive  dc l a y e r  cu r r en t s  f o r  t h e  
fundamental and the  second harmonic, r e s p e c t i v e l y .  It should be noted 
t h a t  each harmonic has i t s  f i r s t  peak a t  a  s l i g h t l y  l a r g e r  i n t e r a c t i o n  
l eng th  than  the  next  higher  harmonic. There a r e  subsequent peaks which 
may be h igher  than  the  f i r s t  one or even those  of lower harmonics. The 
s i g n i f i c a n t  observat ion from Figs .  5.20 and 5 .21  i s  t h a t  t he  l a r g e s t  
po r t ion  of t h e  RF c u r r e n t s  i s  near t h e  su r f ace  of t he  e l e c t r o n  beam 
u n t i l  w e l l  p a s t  s a t u r a t i o n .  
Figure 5.22 shows t h e  s a t u r a t i o n  ga in  and t h e  conversion 
e f f i c i ency  expected i n  a  beam-plasma ampl i f i e r  over t h e  frequency range 
of 1 . 6  t o  1.85 GHz. The e f f e c t s  of beam space charge a r e  a l s o  shown. 
A l l  previous and subsequent f i g u r e s ,  except F ig .  5.23, p e r t a i n i n g  
t o  t h e  two-dimensional ana lys i s  apply t o  t h e  previous ly  s t a t e d  opera t ing  
condi t ions  of Vo = 520 V, I = 8.8 mA and an  a x i a l  magnetic f i e l d  of 
0 
260 G, which i s  approximately 1.3 t imes t h e  B r i l l o u i n  f i e l d .  Figure 
5.23, however, i s  f o r  Vo = 570 V, I. = 8 . 4  mA and a  magnetic focus ing  
f i e l d  of 485 G, which i s  approximately 2 . 4  t imes the  B r i l l o u i n  f i e l d .  
By comparing with Fig.  5.22 it may be not iced  t h a t  t he  ga in  i s  not  
much d i f f e r e n t  bu t  t h a t  t h e  conversion e f f i c i e n c y  i s  a  few percent  l e s s .  
In spec t ion  of e l e c t r o n  t r a j e c t o r y  p l o t s  s i m i l a r  t o  F ig .  5.16 r e v e a l s  
t h a t  f o r  t ,h i s  higher  focusing f i e l d  t h e  beam elect , rons have smaller  
excursions from t h e i r  r a d i a l  s t a r t i n g  p o s i t i o n s .  With t h e  i n t e r a c t i o n  
being wi th  t h e  sur face  wave on t h e  plasma column, the beam e l e c t r o n s  
remain i n  a  lower " c i r c u i t "  f i e l d ,  and hence a  weaker dc t o  RF 
conversion r e s u l t s .  
F I G .  
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F I G .  5.23 SATURATION GAIN AN3 E F F I C I E N C Y  AS A FUNCTION OF FREQUENCY I N  
A BEAM-PLASMA A M P L I F I E R .  (vc/w = 0, f = 4.17 GHz, fb = 247 P 
I n  Fig.  5 .24  t h e  r e s u l t s  of many computer runs s i m i l a r  t o  t h a t  
f o r  Fig.  5.19 a r e  summarized. The harmonic cu r r en t s  f o r  t h e  h igher  
values of n  peak wi th in  a sho r t e r  i n t e r a c t i o n  d i s t ance ;  however, a l l  
RF c u r r e n t s  peak before  t h e  c i r c u i t  vo l tage  amplitude does.  This i s  
explained by t h e  f a c t  t h a t  s a t u r a t i o n  of t h e  device a c t u a l l y  occurs  when 
i n  a d d i t i o n  t o  t h e  i n i t i a l  e l e c t r o n  bunch, which gives energy t o  t h e  
wave, a  second bunch i s  formed, which i s  i n  t h e  acce l e ra t ing  phase of 
t h e  c i r c u i t  wave, t ak ing  energy from t h e  wave. A t  s a t u r a t i o n  t h e  
t r a n s f e r  of energy between these  bunches and t h e  wave is  balanced s o  
t h a t  t h e r e  i s  no n e t  t r a n s f e r  of energy between t h e  stream and t h e  wave. 
A t  t h a t  po in t  t h e  c i r c u i t  vo l tage  amplitude has i t s  maximum. The 
cu r ren t  maxima, however, a r e  expected t o  be a t  t h e  p o s i t i o n  where t h e  
i n i t i a l  bunch i s  t i g h t e s t ,  which occurs  somewhat sooner.  
Figure 5.25 i s  aga in  a  composite of a  number of computer runs .  
It shows t h a t  t h e  RF cu r ren t s  a r e  h ighes t  i n  t h e  v i c i n i t y  of beam-wave 
synchronism, where t h e  t i g h t e s t  bunches occur.  As t h e  beam vol tage  i s  
increased  above synchronism the  RF cu r ren t  maxima a r e  seen t o  f a l l  o f f  
markedly. This i s  d i r e c t l y  connected wi th  t h e  explana t ion  given i n  t h e  
previous paragraph, where it was poin ted  out  t h a t  t h e  maximum RF cu r ren t  
amplitude occurs f o r  t i g h t e s t  e l e c t r o n  bunching and not n e c e s s a r i l y  f o r  
maximum stream non l inea r i t y .  As F ig .  5.26 shows, t h e  vol tage  amplitude, 
g a i n  and e f f i c i e n c y  increase  with b  due t o  t h e  f a c t  t h a t  t h e  i n i t i a l  
1 
bunch can slow down more and hence g ive  up more energy before  it reaches 
t h e  optimum p o s i t i o n  i n  t h e  dece l e ra t ing  phase, i f  it i n i t i a l l y  t r a v e l e d  
somewhat f a s t e r  than  the  wave. When b  i s  increased,  however, t h e  
1 
FIG. 5.24 POSITION OF FIRST MAXIMA I N  THE VOLTAGE AMPLImE, A (y) ,  AND 
1 
THE HARMONIC CURRENTS AS A FUNCTION OF b . (C  = O.lU, Zol = 
1 1 
340 Q ,  vc/u  = 0,  f = 4.24 GHz, fb = 259 MHz, f = 728 MHz, 
P C 
f = 1.7 GHZ) 
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F I G .  5.26 MAXIMUM VALUES OF THE VOLTAGE AMPLITUDE, SATURATION GAIN 
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S 
i nd iv idua l  s t ream e l ec t rons  s t a y  out  of synchronism longer .  Consequently, 
t h e  bunching i s  no t  a s  e f f i c i e n t  and the  RF c u r r e n t s  a r e  not  a s  high 
f o r  l a r g e r  va lues  of b  , a s  F ig .  5.25 shows. 
1 
I n  comparing these  r e s u l t s  with those f o r  t h e  one-dimensional 
c a l c u l a t i o n s  two f a c t s  should be noted. F i r s t ,  maximum values of gain 
and e f f i c i ency  a r e  pred ic ted  f o r  lower values of b  i n  t h e  two- 
1 
dimensional a n a l y s i s .  This i s  a t t r i b u t e d  t o  t h e  importance of r a d i a l  
e f f e c t s  i n  t h e  model analyzed. Second, t h e  RF c u r r e n t s  shown i n  Fig.  
5.25 a r e  seen t o  decrease a s  b  i s  r a i s e d ,  while t h e  vol tage  amplitudes 
1 
shown i n  F igs .  5.6 and 5.26 increase  as b i s  r a i s e d .  It should be noted 
1 
t h a t  the  maxima i n  t h e  RF cu r ren t s  do not  occur a t  t h e  same y -pos i t i on  
a s  t h e  maxima i n  t h e  vol tage amplitudes.  Thus t h e s e  r e s u l t s  a r e  not  
i ncons i s t en t  wi th  each o ther  i n  view of t h e  explanat ions given i n  t h e  
two previous paragraphs.  
CHAPTER V I  . EXPERIMENTAL STUDY OF BEAM-PLASMA IN?IERACTI ONS 
6 . 1  Descr ip t ion  of t he  Experimental Apparatus 
- a- 
I n  t h e  t h e o r e t i c a l  cons idera t ions  descr ibed  so  f a r  many 
s impl i fy ing  assumptions were made, such a s  t he  equiva len t  c i r c u i t  
r ep re sen ta t ion  of a plasma, l i n e a r i t y  of t h e  plasma, neglec t  of angular  
o r  r a d i a l  v a r i a t i o n s ,  and neglec t  of nonuniformit ies .  The only r e l i a b l e  
check on t h e  v a l i d i t y  of t hese  assumptions i s  an experimental s tudy.  To 
t h i s  end a f a i r l y  v e r s a t i l e  t e s t  vehic le  was cons t ruc ted  and t e s t e d .  
6 .1 .1  Vacuum System. A diagram showing t h e  vacuum system and 
the  l o c a t i o n  of t h e  beam-plasma device may be seen i n  F ig .  6.1. A 
750 ,l/s NRC o i l  d i f f u s i o n  pump was used along wi th  a Welch Model 1397 
mechanical pump. A l i q u i d  n i t rogen  t r a p  prevented o i l  from t h e  d i f f u s i o n  
pump from backstreaming i n t o  t h e  device.  A pressure  of approximately 
2 . 1 0 - ~  Torr could be maintained above the  co ld  t r a p .  Pressure measure- 
ments were made us ing  a Varian Dual Range I o n i z a t i o n  Control  Uni t .  The 
u l t r a h i g h  vacuum (UHV) gauge was loca t ed  immediately above t h e  co ld  t r a p ,  
whereas t h e  m i l l i t o r r  (MT) gauge was loca t ed  c lose  t o  t he  device under 
t e s t .  During opera t ion  of the device the  valve loca t ed  i n  t h e  upper 
r ight-hand corner  of F ig .  6 . 1  was kept c losed and gas was introduced 
from the  xenon gas supply and r egu la t ed  by means of a Granv i l l e -Ph i l l i p s  
va r i ab l e  l e a k  valve.  Thus pressures  i n  t h e  range from 5 - 1 0 - ~  Torr t o  
1 .10- I  Torr could be maintained i n  t he  device and monitored f a i r l y  
accu ra t e ly  with t h e  MT gauge. The vacuum i n  t h e  e l e c t r o n  gun reg ion  was 
approximately one order  of magnitude b e t t e r  than  i n  t h e  r e s t  of t h e  

plasma device  due t o  d i f f e r e n t i a l  pumping through t h e  small  beam 
tunne l  between t h e  gun and t h e  plasma reg ion .  The s t a i n l e s s  s t e e l  
bellows and the  small  copper tub ing  a t  t h e  opposi te  end of t h e  device 
allowed t h e  device t o  be moved s l i g h t l y  under vacuum f o r  purposes of 
alignment wi th  t h e  magnetic f i e l d .  Since t h e  beam-plasma device was 
of metal-ceramic cons t ruc t ion ,  t he  whole system could be baked p r i o r  
t o  opera t ion .  I n  view of t h i s  and s ince  t h e  t e s t  veh ic l e  was 
cont inuously pumped, t h e r e  d i d  not  appear t o  be any contamination of 
t h e  xenon gas dur lng  opera t ion .  Research grade xenon wi th  a p u r i t y  of 
99.995 percent  by volume was used. 
6 Test Vehicle.  Figure 6 .2  i s  a  diagram of t h e  beam-plasma 
--
device,  while  F ig .  6.3 shows a photograph of t h e  completely assembled 
device.  As mentioned above, metal-ceramic cons t ruc t ion  was used. I n  
cons t ruc t ion  t h e  metal-ceramic brazes were made f i r s t  and small  u n i t s  
conta in ing  t h e  gun, plasma cathodes and c o l l e c t o r  were assembled. These 
a r e  p i c tu red  i n  F ig .  6.4. As t h e  f i n a l  assembly s t e p  these  u n i t s  were 
h e l i a r c  welded toge the r .  
The e l e c t r o n  gun was a convent ional  Pierce- type gun with a  
d ispenser  cathode. It could operate  up t o  vol tages  of s eve ra l  kV wi th  
u n i t y  microperveance. The design diameter of t h e  e l e c t r o n  beam was 
2 . 5  rnm. The gun envelope and the  pole  p iece  i n  f r o n t  of t h e  gun were 
made of kovar i n  order  t o  exclude t h e  magnetic f i e l d  from the  gun reg ion .  
I n  s p i t e  of t h i s  some f l u x  d i d  apparent ly  pene t r a t e  and could not  be 
compensated f o r .  As a  r e s u l t  of t h i s  and mechanical misalignments t h e  
e l ec t ron  beam was found t o  r i p p l e  and t h e  i n t e r c e p t i o n  on subsequent 
e l ec t rodes  was found t o  be s u b s t a n t i a l  under some condi t ions .  
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I n  order  t o  premodulate t h e  e l e c t r o n  beam before  en t e r ing  the  
plasma region,  a s h o r t  s e c t i o n  of h e l i c a l  RF s t r u c t u r e  was placed 
immediately fol lowing t h e  gun. This h e l i x  was of t h e  type commonly 
used i n  traveling-wave tubes .  Some of i t s  c h a r a c t e r i s t i c s  a r e  shown 
i n  Table 6 .1 The d i e l e c t r i c  loading f a c t o r  (DLF) i s  q u i t e  low. This i s  
due t o  t h e  f a c t  t h a t  t h e  h e l i x  i s  placed i n  d i r e c t  contac t  wi th  t h e  
ceramic cy l inder  conta in ing  it. Even though t h i s  method of mounting t h e  
h e l i x  would not be d e s i r a b l e  i n  a traveling-wave ampl i f i e r  due t o  t h e  
high l o s s ,  it i s  acceptab le  here where l i t t l e  ga in  i s  des i r ed  i n  t he  
h e l i x  s e c t  ions.  
Table 6 .1  
RF Hel ix  Parameters 
I . D .  3.91 mm 
O . D .  4.93 mm 
P i t c h  1.37 mm 
DLF 0.65 
Synchronous Voltage -1000 V 
h a t  2 GHz 1 . 0  cm 
g 
I n t e r a c t i o n  Length 5 .0  cm 
The plasma cathodes were dispenser  cathodes wi th  a f a i r l y  porous 
tungs ten  matr ix (semicon Associates ,  Type S-75). The high poros i ty  
insured a copious supply of barium a t  the  emi t t i ng  sur face ,  even when 
poisoning might be expected t o  be q u i t e  high a t  the  higher  p re s su re s .  
A t  a temperature of 1050°C a hot-cathode Penning discharge of s e v e r a l  
hundred milliamperes could be c r e a t e d  by a vol tage  of 25 t o  30 V appl ied  
between t h e  cathode and t h e  ground e l ec t rode  ad jacent  t o  it wi th  t h e  
xenon pressure  i n  t he  Torr reg ion .  A double-ended d ischarge  was 
used t o  i n su re  a more uniform a x i a l  plasma dens i ty .  The plasma reg ion  
was approximately 1 0 . 5  cm long.  
An output  h e l i x  i d e n t i c a l  t o  t he  input  h e l i x  was used f o r  
demodulating t h e  e l e c t r o n  beam a f t e r  emerging from t h e  plasma i n t e r a c t i o n  
reg ion .  A beam c o l l e c t o r  surrounded by a water jacket  was used f o r  
d i s s i p a t i n g  t h e  spent  e l e c t r o n  beam. 
6.1.3 RF Couplers. Two means of coupling RF energy i n t o  and out 
- -  
o f t h e  beam-plasma device were employed. One made use of coupled-hel ix 
couplers74 which a r e  employed ex tens ive ly  i n  traveling-wave tubes .  The 
coupler  i s  a sho r t  s e c t i o n  of h e l i x ,  about two t o  t h r e e  t u r n s  long and 
wound i n  t h e  d i r e c t i o n  opposi te  t o  t h a t  of t h e  h e l i x  i n  t he  beam-plasma 
device.  It i s  e s s e n t i a l l y  an impedance t ransformer t h a t  can be ad jus t ed  
t o  match t h e  50 R impedance of a coax ia l  l i n e  t o  t h e  s u b s t a n t i a l l y  higher  
impedance of t h e  i n t e r a c t i o n  h e l i x .  Two such couplers  a r e  shown i n  F ig .  
6 Since they  could not be s l i pped  over t h e  h e l i x  from e i t h e r  end a f t e r  
t h e  beam-plasma device was assembled, it was necessary t o  make t h e  
couplers  demountable so  they  could be assembled and disassembled on t h e  
device.  Measurements i nd ica t ed  t h a t  a good RF match (VSWR < 3.0) could 
be obtained from 1.5 t o  3.6 GHz. The coupling l o s s  was approximately 1 .5  
dB pe r  coupler .  
The o ther  means of coupling cons i s t ed  of e l l i p t i c  c a v i t y  couplers  
which could be placed d i r e c t l y  around t h e  plasma d ischarge  r eg ion  of 
Fig.  6.2.  The RF energy launched by an antenna a t  one focus of an 

e l l i p t i c  c a v i t y  i s  t r a n s f e r r e d  phase coherent ly  t o  t h e  o ther  focus, 
where t h e  plasma column i s  loca ted .  A c ros s - sec t ion  drawing of  such a 
c a v i t y  i s  shown in Fig .  6.6 and a photograph of a completed c a v i t y  i s  
shown i n  F ig .  6.7. I n  Chapter V I I  a more d e t a i l e d  d e s c r i p t i o n  of 
e l l i p t i c  c a v i t y  couplers  and an a n a l y s i s  of t h i s  method of coupling w i l l  
be given. 
The placement of t h e  e l l i p t i c  c a v i t y  couplers ,  a s  we l l  a s  one of 
t h e  coupled-hel ix couplers  on t h e  beam-plasma device,  may be seen i n  
F ig .  6.8. The c a v i t i e s  a r e  he ld  i n  p lace  by t h r e e  alignment rods  
i n s e r t e d  i n  t h e  magnetic pole  p ieces .  
6.1.4 -- Axia l  Magnetic F i e l d .  An a x i a l  magnetic f i e l d  i s  
necessary t o  focus t h e  e l e c t r o n  beam over t h e  l eng th  of the  device .  
The B r i l l o u i n  f i e l d  f o r  t h e  beam used i n  t h i s  experiment i s  approximately 
200 G. A value of two o r  t h r e e  t imes t h i s  amount i s  f r equen t ly  necessary 
i n  experimental  work when p e r f e c t  B r i l l o u i n  flow i s  not  ob ta inable .  
Three magnetic c o i l s  were used i n  t h i s  experiment, a s  shown i n  F ig .  6.9. 
The two end c o i l s  had magnetic pole  p ieces  through which t h e  beam-plasma 
device could be i n s e r t e d .  Alignment was achieved by means of t h e  t h r e e  
rods on which the  e l l i p t i c  c a v i t y  couplers  were mounted. Use of t h e  
two end c o i l s  by themselves d i d  not y i e l d  a magnetic f i e l d  of s u f f i c i e n t  
uniformity.  Thus a boos ter  c o i l  was placed around t h e  center  of t h e  
device.  I t s  f i e l d  was trimmed independently of t he  main f i e l d  so  t h a t  
t h e  t o t a l  a x i a l  magnetic f i e l d  was uniform t o  wi th in  t h r e e  o r  four  percent  
between t h e  gun and c o l l e c t o r  pole  p i eces .  
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6.2  C h a r a c t e r i s t i c s  of t h e  Xenon Plasma Column 
- --- 
The gas t o  be used i n  t h e  beam-plasma experiments was chosen t o  
be xenon. The reason f o r  t h e  choice was t h a t  xenon i s  a noble gas wi th  
a q u i t e  high ion iza t ion  c ross  sec t ion .70  This may be expected t o  y i e l d  
a s u f f i c i e n t l y  dense plasma a t  r e l a t i v e l y  low p res su res .  Thus cathode 
poisoning would be minimized. 
I n  t he  course of t h e  experimental  work two methods of genera t ing  
a plasma were employed: hot-cathode discharge and beam-generated plasma. 
It was a n t i c i p a t e d  a t  t h e  beginning of t h e  experimental work t h a t  t h e  
hot-cathode discharge plasma would be used almost exc lus ive ly .  During 
t h e  course of t h e  experimental  work it was found, however, t h a t  t h e  
beam-generated plasma had c e r t a i n  f e a t u r e s  t h a t  recommended it f o r  
ex tens ive  use i n  many of t h e  l a r g e - s i g n a l  measurements. One of t h e  
important cons idera t ions  was t h a t  t h e  beam-generated plasma could be 
maintained a t  lower gas p re s su res .  This i n  t u r n  y i e lded  cons iderably  
b e t t e r  RF performance. 
6 . 2 . 1  Measurement - of Plasma Densi ty -- i n  t he  Plasma Tes t e r .  Before 
t h e  f i n a l  beam-plasma device was cons t ruc ted ,  t he  plasma t e s t e r  shown 
i n  Fig. 6.10 was cons t ruc ted  out of g l a s s .  It cons i s t ed  only of t he  
cen te r  s e c t i o n  of t he  beam-plasma device shown i n  Fig.  6 . 2  without  gun, 
c o l l e c t o r  and t h e  two h e l i c e s .  The e l ec t rode  conf igura t ion  i n  t h e  
plasma discharge s e c t i o n  was, however, simulated a s  c l o s e l y  a s  poss ib l e .  
Figure 6.11 shows a diagram of the  plasma t e s t e r .  A double probe was 
placed a t  t he  middle of t h e  plasma column near t h e  po in t  where t h e  
h ighes t  plasma d e n s i t y  along t h e  r a d i a l  d i r e c t i o n  was expected. The 
r e s u l t s  of measurements wi th  t h e  double probe a r e  shown i n  F ig .  6.12 
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a s  a func t ion  of t h e  discharge cu r r en t .  An ion iza t ion  e f f i c i e n c y  i n  
t h e  order  of 0 . 1  percent  was obtained.  Two o ther  methods of measurement 
a r e  shown i n  t h e  same f i g u r e .  One made use of two S-band waveguide horns 
placed ac ros s  t h e  plasma column, forming a n  in te r fe rometer .  The plasma 
frequency could be ca l cu la t ed  from t h e  s h i f t  i n  phase through t h e  
in te r fe rometer  when t h e  discharge was switched on and o f f .  This method 
may be expected t o  be the  l e a s t  accu ra t e  because of t he  s i z e  of t h e  
horns being comparable t o  t h e  whole plasma column. Thus only an  average 
plasma frequency could be obtained i n  t h i s  way. 
The o the r  method of determining the  plasma frequency made use of 
wave propagat ion along t h e  plasma column. A sur face  wave could be 
launched and rece ived  by t h e  s e t  of e l l i p t i c  c a v i t y  couplers  which were 
placed around t h e  plasma column. A t  t h e  resonant  frequency g iven  by 
where tee i s  t h e  e f f e c t i v e  d i e l e c t r i c  cons tan t  of t h e  ma te r i a l  surrounding 
the  plasma column, a s t rong  s i g n a l  could be de tec ted  a t  t h e  r ece iv ing  
cav i ty .  Since t h e  e f f e c t i v e  d i e l e c t r i c  cons tan t  is  somewhat l e s s  t han  
t h a t  f o r  t h e  g l a s s  tube surrounding t h e  plasma (because of t h e  f i n i t e  
r a d i a l  e x t e n t  of t h e  g l a s s )  a value of K~ = 3 . 0  was chosen. The r e s u l t s  
of t hese  measurements a r e  a l s o  shown i n  F ig .  6.12. 
The probe measurements a r e  taken  a t  t h e  most dense plasma reg ion .  
Chorney and   adore^' considered a x i a l  and r a d i a l  plasma d e n s i t y  
v a r i a t i o n s  f o r  a n  annular  cathode geometry of t h e  type used i n  t hese  
experiments.  Near t h e  outs ide  edge of t h e  plasma column they  obtained 
an  approximately parabol ic  dens i ty  v a r i a t i o n ,  which may be expressed by 
Here p i s  t h e  maximum plasma dens i ty  i n  t h e  column of r ad ius  b,  and 
m 
a is a parameter between ze ro  and un i ty ,  which determines t h e  degree 
of r a d i a l  charge v a r i a t i o n .  Since t h e  sur face  wave a long  t h e  plasma 
column sees  t h e  edge plasma dens i ty ,  it i s  poss ib l e  t o  determine a from 
t h e  measurements of F ig .  6.12 by 
where w i s  t h e  edge plasma frequency obtained by t h e  e l l i p t i c  cav i ty  
Pe 
da t a .  The va lues  of w were obtained from the  probe d a t a .  Thus i n  
Pm 
t h i s  case a was found t o  be approximately 0.5. A similar procedure 
was pointed out  by ~ r i v e l ~ i e c e , ~ ~  who suggested a low-frequency phase 
v e l o c i t y  measurement f o r  determining w and a measurement of t h e  
Pm 
frequency where Bb = a f o r  determining cu . 
Pe 
When a l o n g i t u d i n a l  magnetic f i e l d  was appl ied ,  t h e  plasma 
frequency and t h e  e l e c t r o n  temperature i n  t h e  plasma t e s t e r  were found 
t o  vary a s  shown i n  F ig .  6.13. The d a t a  were obta ined  by use of  t h e  
double probe. The i n i t i a l  increase  i n  plasma frequency i s  due t o  t h e  
f a c t  t h a t  t h e  e l e c t r o n s  begin t o  s p i r a l  s l i g h t l y  a s  t h e  magnetic f i e l d  
i s  increased  a small  amount from the  zero value.  Hence t h e  e l e c t r o n s  
have a higher  p r o b a b i l i t y  of c o l l i d i n g  wi th  a gas p a r t i c l e  and ion iz ing  
i t .  As t h e  magnetic f i e l d  i s  increased  f u r t h e r  t h e  Larmor r ad ius  of 
t h e  e l e c t r o n s  becom3s comparable t o  t h e  plasma tube  r ad ius ,  enhancing 
recombination a t  t h e  tube w a l l  and hence decreas ing  t h e  plasma dens i ty .  
Fur ther  increase  i n  t h e  magnetic f i e l d  tends t o  confine the  plasma, and 
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d i f f u s i o n  t o  t h e  wal l s  decreases  a s  1/B2 f o r  ambipolar d i f f u s i o n  o r  a s  
1/B f o r  t h e  so-ca l led  anomalous diffusion77 t o  be d iscussed  below. Note 
t h a t  f o r  t h e  pressure  of 2-10-' Torr used i n  t hese  experiments t he  mean- 
f ree-pa th  of t h e  e l ec t rons  i s  on t h e  order  of t he  tube  diameter and t h e  
mean-free-path of the  xenon ions i s  l e s s  by a  f a c t o r  of 4 G .  Thus t h e  
opera t ion  i s  i n  a t r a n s i t i o n  r eg ion  between ambipolar and f r e e  d i f f u s i o n  
where most d i f f u s i o n  t h e o r i e s  break down. 7 8 
The dashed po r t ion  of t h e  curves i n  F ig .  6.13 i n d i c a t e s  t h a t  
f o r  those  values of magnetic f i e l d  measurements were d i f f i c u l t  t o  t ake  
because of d i scharge  cu r r en t  f l u c t u a t i o n s  accompanied by i n s t a b i l i t i e s  
i n  t he  plasma dens i ty .  For t h e  h ighes t  values of magnetic f i e l d  t h e s e  
i n s t a b i l i t i e s  s t i l l  pe r s i s t ed ,bu t  they  were much l e s s  v io l en t ,  so  t h a t  
meaningful d a t a  could be taken  r e a d i l y .  Other workers26) 77 have found 
these  f l u c t u a t i o n s  t o  e x i s t  above a  c r i t i c a l  magnetic f i e l d ,  B which 
c' 
increases  wi th  pressure  and wi th  t h e  mass of t h e  p o s i t i v e  ions  i n  t h e  
plasma. An important observa t ion  is  t h a t  t he  quan t i t y  B b, where b 
C 
i s  t h e  r a d i u s  of t h e  discharge,  i s  e s s e n t i a l l y  cons tan t  f o r  a  p a r t i c u l a r  
s e t  of d i scharge  parameters.  The i n s t a b i l i t i e s  a r e  thought t o  accompany 
anomalous d i f f u s i o n  ac ros s  t he  magnetic f i e l d  l i n e s .  This type  of 
d i f f u s i o n  involves mic roe l ec t r i c  f i e l d s  s e t  up i n  t h e  plasma due t o  
dens i ty  f l u c t u a t i o n s .  These e l e c t r i c  f i e l d s  g ive  r i s e  t o  d r i f t  motion 
ac ros s  t h e  magnetic f i e l d ,  increas ing  t h e  d i f f u s i o n  r a t e  so  t h a t  it i s  
p ropor t iona l  t o  1 /B  r a t h e r  than  l /B2 .  
6.2.2 Plasma Generation i n  t h e  Beam-Plasma Device. A s  noted 
--- 
above, the  plasma Les te r  hot-cathode discharge was operated i n  t h e  low 
los2 Torr pressure  range. I d e n t i c a l  r e s u l t s  could be obta ined  wi th  t h e  
f i n a l  beam-plasma device .  I n  a t tempt ing  t o  ob ta in  an e l e c t r o n  beam 
i n  t h i s  pressure  range, t h e  e l e c t r o n  emission from t h e  beam cathode very 
quickly dropped t o  a f r a c t i o n  of one t e n t h  o r  l e s s  of i t s  r a t e d  value.  
This could have been due t o  cathode poisoning by t h e  impurity gases  i n  
t he  device .  Even though d i f f e r e n t i a l  pumping maintained t h e  pressure  
i n  t h e  gun reg ion  approximately one order  of magnitude lower than  i n  
t h e  plasma region,  t h e r e  may have been a h igh  enough p a r t i a l  p ressure  
of 0 or  hydrocarbons f o r  poisoning. Most l i k e l y ,  however, t h e  drop i n  
2 
beam emission was due t o  bombardment of t he  beam cathode by the  p o s i t i v e  
xenon ions .  This caused the  barium l a y e r  t o  be spu t t e r ed  from t h e  
cathode su r f ace  a s  quickly a s  it could be rep len ished .  Attempts t o  t r a p  
t h e  ions i n  t h e  plasma discharge reg ion  proved t o  be unsuccessful .  
To ob ta in  an  e l e c t r o n  beam it was the re fo re  necessary t o  operate  
i n  t he  lom3 Torr range o r  lower. I n  a d d i t i o n  t o  t h e  problem wi th  the  
c r i t i c a l  magnetic f i e l d  decreasing wi th  pressure ,  a s  descr ibed  above, 
an ex t inguish ing  pressure  was reached i n  t h e  upper Torr region.  
As shown i n  F ig .  6.14, a s  t h e  pressure  was decreased, t h e  discharge 
vol tage drop r o s e  very r ap id ly .  The f l a t t e n i n g  of t h e  curves near 50 V 
was merely due t o  t he  maximum vol tage  l i m i t  of t h e  cons tan t  cu r r en t  
suppl ies  used t o  maintain t h e  d ischarge .  The ex t inguish ing  pressure  i s  
probably due t o  t h e  f a c t  t h a t ,  a s  t h e  vol tage  increases ,  t h e  ions can 
be acce l e ra t ed  i n t o  t h e  plasma cathodes t o  be s p u t t e r  pumped. Thus a t  
a vol tage  between 25 t o  30 V t h e  pressure  i n  t he  tube dropped r a p i d l y  
increas ing  t h e  vol tage  drop f u r t h e r  and f i n a l l y  ex t inguish ing  t h e  
discharge.  
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I n  view of t hese  d i f f i c u l t i e s  a d i f f e r e n t  way of ob ta in ing  a 
plasma was d e s i r a b l e .  It was found t h a t  a plasma could be obtained by 
making use  of c o l l i s i o n s  between t h e  beam e l e c t r o n s  and t h e  gas p a r t i c l e s  
a t  p ressures  a s  low a s  1.10-~ Torr.  This method of plasma genera t ion  
has  been used ex tens ive ly .  See, f o r  example, References 23 through 25 
and 39. Getty and  mulli in'^ expla ined  t h e  processes  i n  a beam-generated 
plasma a s  fol lows.  The e l e c t r o n  beam, when f i r s t  tu rned  on, i on izes  t h e  
background gas by i n e l a s 6 i c  c o l l i s i o n s  between t h e  beam e l e c t r o n s  and t h e  
gas p a r t i c l e s .  I f  t h e  pressure  i s  s u f f i c i e n t l y  h igh  s o  t h a t  t h e  plasma 
so  formed i s  dense enough, t h e  e x c i t e d  plasma e l e c t r o n s  become t h e  
dominant i o n i z a t i o n  source a f t e r  a few microseconds. Nonconvective 
i n s t a b i l i t i e s  i n i t i a t e  RF o s c i l l a t i o n s  which f i r s t  appear a t  t h e  
cyc lo t ron  frequency. Then a convective i n s t a b i l i t y  a t  t h e  plasma frequency 
genera tes  t h e  o s c i l l a t i o n s  t h a t  s u s t a i n  the  d ischarge .  
For a f i xed  beam vol tage  t h e  beam-generated plasma can e x i s t  i n  
two d i s t i n c t  modes f o r  d i f f e r e n t  beam cu r ren t s  o r  p re s su re s .  The mode 
f o r  lower values of pressure  or  beam cu r ren t  has been c a l l e d  t h e  "beam 
confined mode" by Dunn e t  a ~ . ~ ' ,  while t h e  mode a t  h igher  values of 
pressure  o r  beam cu r ren t  has  been c a l l e d  the  " t o t a l  glow mode." The 
former i s  s o  c a l l e d  because the  plasma column i s  confined t o  t h e  
approximate s i z e  of t h e  e l e c t r o n  beam, with the  plasma dens i ty  a t  t h e  
beam edge having dropped t o  approximately ha l f  of i t s  value a t  t he  cen te r ,  
a s  some of ~ e d v a l l ' s ' ~  measurements i nd ica t e .  Above a c r i t i c a l  p re s su re  
t h e  t o t a l  glow mode e x i s t s .  It f i l l s  t he  e n t i r e  diameter of t h e  tube 
and i n  t h a t  r e spec t  it i s  s i m i l a r  t o  t h e  hot-cathode discharge plasma. 
The t o t , a l  glow mode i s  accompanied by a l a r g e r  no ise  l e v e l  a t  t he  output  
couplers  of t h e  device, as may be de t ec t ed  wi th  a spectrum analyzer .  
The t r a n s i t i o n  from one mode t o  t h e  o ther  i s  q u i t e  abrupt  and occurred 
i n  t h e  p re s su re  range of t o  4 . 1 0 - ~  Torr f o r  t y p i c a l  ope ra t ing  
condi t ions  of t h e  beam-plasma device t e s t e d  i n  t h i s  s tudy.  
There was no p rov i s ion  t o  measure t h e  d e n s i t y  of t h e  beam-generated 
plasma i n  t h e  f i n a l  t e s t  veh ic l e .  For t h a t  reason it was necessary t o  
c a l c u l a t e  it from a  knowledge of t h e  pressure  and t h e  beam dens i ty .  
Cavi ty measurements by ~ e d v a 1 1 ~ ~  ind ica t e  t h a t  plasma d e n s i t i e s  of many 
t imes t h e  beam dens i ty  can be obtained i n  t h e  lo-* t o  Torr reg ion ,  
f o r  example. A t  lower pressures  t h e r e  i s  very  l i t t l e  s c a t t e r i n g  of t h e  
beam e l e c t r o n s  and it appears  t h a t  t h e  predominant i on iza t ion  source i s  
t h e  e l e c t r o n  beam i t s e l f  r a t h e r  than  secondary ion iza t ion  by t h e  plasma 
e l e c t r o n s .  It has been found e ~ ~ e r i m e n t a l l ~ ~ ~ , ~ ~  t h a t  t h e  plasma d e n s i t y  
v a r i e s  slowly wi th  pressure  b u t  is  p ropor t iona l  t o  t h e  square of t h e  
l o n g i t u d i n a l  magnetic f i e l d .  Above a pressure  of approximately 
Torr, wi th  t h e  exac t  value depending on t h e  type of gas ,  secondary 
i o n i z a t i o n  by t h e  plasma e l e c t r o n s  becomes predominant. Under t hose  
condi t ions  t h e  dens i ty  i s  nea r ly  independent of magnetic f i e l d  f o r  h igh  
enough va lues  of B, b u t  i s  p ropor t iona l  t o  t h e  square of t h e  p re s su re .  
Frey81 has c a r r i e d  out  a  one-dimensional a n a l y s i s  t h a t  y i e l d s  t h e  r a t i o  
of plasma d e n s i t y  t o  beam dens i ty  i n  a  beam-generated plasma. He 
assumed an  i n f i n i t e  magnetic f i e l d  so  t h a t  t h e  beam-generated ions and 
e l e c t r o n s  can leave  t h e  system by recombination o r  one-dimensional 
ambipolar d i f f u s i o n  only.  His r e s u l t s  a r e  f o r  hydrogen, n i t rogen  and 
argon, b u t  may e a s i l y  be extended t o  xenon. His agreement wi th  Hedval l ' s  
experimental  r e s u l t s  i s  e x c e l l e n t  i n  t h e  r eg ion  where t h e  d e n s i t y  v a r i e s  
with the  square of t he  gas pressure .  On t h e  b a s i s  of Frey ' s  c a l c u l a t i o n s  
along wi th  the  experimental  r e s u l t s  of Hedvall  t h e  d a t a  f o r  Table 6 . 2  
were c a l c u l a t e d  f o r  beam parameters app ropr i a t e  t o  t h i s  s tudy.  
Table 6 .2  
C h a r a c t e r i s t i c s  of a Beam-Generated Plasma i n  Xenon 
Beam Beam Beam Elec t ron  Plasma 
Voltage Current Pressure  Densi ty Frequency 
(v) (4) (Torr ) (particles/cm3) "ebInep (GHZ) 
6.3 RF Test  Resu l t s  
- -- 
The RF t e s t  d a t a  t o  be presented i n  t h i s  s e c t i o n  were obtained 
with t h e  beam-plasma i n t e r a c t i o n  device descr ibed  above. The coupled- 
h e l i x  couplers  and s h o r t  s ec t ions  of t he  h e l i c a l  slow-wave s t r u c t u r e  
were used t o  couple RF energy i n t o  and out of t h e  system. Work done 
with t h e  e l l i p t i c  c a v i t y  couplers  w i l l  be descr ibed  i n  Chapter VII. The 
complete experimental  t e s t  f a c i l i t y  is  shown i n  F ig .  6.15. The plasma 
device i s  l oca t ed  behind t h e  meter panels  near t he  t o p  of t h e  photograph. 
The co ld  l o s s  of t h e  beam-plasma device between t h e  input  and output 
coupled-hel ix couplers  was very high, a s  Fig.  6.16 shows, and was not  
apprec iab ly  d i f f e r e n t  when t h e  plasma was e i t h e r  p re sen t  o r  absent .  This 
i nd ica t e s  t h a t  t h e  RF leakage i n  t h e  absence of t h e  beam and plasma and 
t h e  t ransmiss ion  through t h e  plasma i n  t h e  absence of t h e  beam a r e  
approximately t h e  same due t o  t h e  dominance of t h e  coupling lo s ses  i n  t h e  
absence of t h e  beam. A Hewlett-Packard Model 8 5 1 ~ / 8 5 5 ~  spectrum 
analyzer  was used f o r  a l l  RF measurements s o  t h a t  t h e  var ious  s i g n a l s ,  
harmonics and spurious o s c i l l a t i o n s  could be a sce r t a ined  s imultaneously.  
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Most RF d a t a  were taken  a t  beam vol tages  i n  t h e  range of 400 t o  
600 V. Figure 6.17 shows t h e  beam t ransmiss ion  through t h e  device a s  a 
func t ion  of vo l tage  f o r  two d i f f e r e n t  values of magnetic focus ing  f i e l d .  
The f i r s t  case  corresponds t o  approximately 1.3 and t h e  second t o  2 .5  
t imes t h e  B r i l l o u i n  f i e l d  a t  500 V .  Balanced flow could be a t t a i n e d  i n  
n e i t h e r  case .  The cathode cu r ren t  was adequate t o  f u r n i s h  a  beam cu r ren t  
w e l l  above t h e  design perveance of 1 microperv but  t h e  cu r r en t  en t e r ing  
t h e  plasma reg ion  i s  seen t o  be roughly one h a l f  t h e  cathode c u r r e n t  due 
t o  i n t e r c e p t i o n  on t h e  gun pole  p iece  a n d  t h e  f i r s t  h e l i x .  The l o c a t i o n  
of t hese  various components may be seen i n  F ig .  6 .2 .  Af te r  t r a v e r s i n g  
t h e  plasma, f u r t h e r  beam i n t e r c e p t i o n  took p lace  on t h e  second h e l i x  
so  t h a t  only 20 t o  25 percent  of the  cathode cu r ren t  f i n a l l y  reached t h e  
beam c o l l e c t o r .  The i n t e r c e p t i o n  i s  be l i eved  t o  be due t o  smal l  
misalignments, p a r t i c u l a r l y  of t h e  e l e c t r o n  gun and t h e  second plasma 
cathode. As a l r eady  mentioned, magnetic f l u x  l i n e s  f r i n g i n g  i n t o  t h e  
e l e c t r o n  gun reg ion  caused t h e  beam t o  r i p p l e  q u i t e  severe ly  a s  it 
t r a v e r s e d  t h e  device.  The e r r a t i c  behavior of t h e  two lower s o l i d  curves 
of Fig.  6.17 i s  due t o  t h e  f a c t  t h a t  t h e  focusing f i e l d  was s l i g h t l y  
below t h e  B r i l l o u i n  f i e l d  f o r  vo l tages  above 600 V. 
Figure 6.18 shows t h e  beam in t e rcep t ion  on t h e  f i r s t  h e l i x  and 
t h e  gun anode a s  t h e  pressure  was r a i s e d  from below 2 0 l 0 - ~  Torr  through 
t h e  Torr reg ion .  A t  f i r s t  t h e  f i r s t  h e l i x  cu r r en t  i s  seen  t o  
decrease due t o  ion focusing of t h e  beam. It reached a minimum near 
a  p re s su re  of 1.10-~ Torr .  As t h e  pressure  was increased above t h i s  
value t h e  i n t e r c e p t i o n  c u r r e n t s  ro se  due t o  s c a t t e r i n g  of t he  beam 
e l e c t r o n s  a s  a r e s u l t  of c o l l i s i o n s .  The apparent drop i n  h e l i x  cu r r en t  
above a  pressure  of 7 . 1 0 - ~  Torr was due t o  a  decrease i n  cathode emission 
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a s  a r e s u l t  of poisoning or  s p u t t e r i n g .  The t r a n s i t i o n  from t h e  beam 
confined mode t o  t h e  t o t a l  glow mode i n  t he  beam generated plasma 
occurred a t  2 . 1 0 - ~  Torr i n  t h i s  case .  
6.3.1 Gain and Harmonic Generation Tes t s .  I n  F ig .  6 .19  t h e  small-  
---
s i g n a l  e l e c t r o n i c  ga in  a s  a func t ion  of beam vol tage  may be seen.  The 
maximum value of e l e c t r o n i c  ga in  was found t o  be 36 dB f o r  t h e  parameters 
i nd ica t ed .  The beam-generated plasma operated i n  t h e  beam confined 
mode i n  t h i s  case.  It should be noted t h a t  t h e r e  was no n e t  ga in  from 
t h e  device due t o  t h e  very high value of co ld  l o s s  shown i n  Fig. 6.16. 
The l a r g e  v a r i a t i o n s  i n  t h e  ga in  curve can be explained a s  fol lows.  
Since t h e r e  i s  an abrupt  d i s c o n t i n u i t y  i n  t h e  plasma a t  t h e  ends 
of t h e  i n t e r a c t i o n  reg ion ,  RF waves s e t  up i n  t h e  plasma a r e  almost 
t o t a l l y  r e f l e c t e d  a t  both ends of t h e  plasma unless  good coupling t o  
t h e  plasma column can be achieved. A wave propagat ing back and f o r t h  
along t h e  plasma column can grow whenever t h e  round- t r ip  ga in  from end 
t o  end along t h e  column i s  g r e a t e r  than  un i ty .  Thus a ga in  curve wi th  
sharp peaks, a s  t h e  vol tage  o r  t h e  frequency a r e  var ied,  may be expected. 
Figure 6.20 shows some spectrum analyzer  p a t t e r n s  of t h e  output  
from t h e  beam-plasma device opera t ing  under t h e  same condi t ions  a s  those  
f o r  F ig .  6.19, except  t h a t  t h e  d r ive  power was s u f f i c i e n t  t o  nea r ly  
s a t u r a t e  t h e  device.  I n  F igs .  6.20a and b t h e  fundamental i s  shown, w i th  
t h e  frequency s c a l e  expanded t e n  times i n  F ig .  6.20b. The noise l e v e l  
i s  seen t o  be a t  l e a s t  20 dB below t h e  s i g n a l .  The second harmonic 
output  i s  shown i n  F ig .  6 . 2 0 ~  and i s  seen t o  be approximately 10 dB below 
the  fundamental. Note t h a t  i n  these ,  a s  w e l l  a s  i n  a l l  subsequent 
spectrum analyzer  p a t t e r n s ,  t h e  frequency increases  from r i g h t  t o  l e f t .  
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(b) FUNDAMENTAL (c) SECOND HARMONIC 
F I G .  6.20 TYPICAL SPECTRUM ANALYZER PATTERNS OF THE OUTPUT FROM A 
BEAM-PLASMA DEVICE.  ( f  = 2.0 GHz, DRIVE POWER = 250 mWt 
S 
P = TORR, f c  = 728 MHz, f - 4.3 GHz, I. = 10 mA, 
P 
Vo = 585 V) 
-190 - 
I n  Figs.  6 .21  through 6.26 the  performance of t h e  beam-plasma 
device operat ing i n  the  beam-conf ined mode i s  summarized. Figure 6 . 2 1  
shows the  small-s ignal  e l e c t r o n i c  ga in  a t  a number of frequencies f o r  
two d i f f e r e n t  vol tages and with t h e  magnetic f i e l d  s e t  a t  260 G. The 
maximum of 36 dB was found a t  2.0 GHz f o r  520 V. Comparing these  r e s u l t s  
wi th  Fig.  5.1, it should be noted t h a t  experimentally ga in  occurred 
over a considerably wider frequency range. As pointed out i n  Chapter 
V t h i s  i s  bel ieved t o  be due t o  nonuniformities i n  t h e  dens i ty  across  
t h e  plasma column. The s a t u r a t i o n  c h a r a c t e r i s t i c s  of the  device a r e  
shown i n  Figs .  6.22 and 6.23, where the  output of the  fundamental s igna l  
and t h e  harmonics t h a t  could be de tec ted  on the  spectrum analyzer  a re  
p lo t t ed .  A t  a frequency of 1.045 GHz the  device i s  obviously s a t u -  
r a t i n g , b u t  f o r  a frequency of 1.7 GHz s u f f i c i e n t  d r ive  power was 
ava i l ab le  j u s t  t o  approach sa tu ra t ion .  I n  Fig.  6.23 t h e  second harmonic 
comes t o  wi th in  5 dB of t h e  fundamental a t  s a tu ra t ion .  A t  no time was 
it poss ib le  t o  d e t e c t  harmonic s i g n a l s  above 6.0 GHz. Harmonic s igna l s  
between 5.0 and 6.0 GHz were usua l ly  so small  t h a t  they  could be seen 
only i n  a few ins tances .  This was due t o  t h e  r ap id  d e t e r i o r a t i o n  of 
t h e  coupler VSWR above 5.0 GHz and the  very low value of i n t e r a c t i o n  
impedance near t h e  plasma frequency. The plasma frequency was estimated 
t o  be s l i g h t l y  above 4.0 GHz f o r  these  condit ions,  a s  explained i n  
Sect ion  6.2; however, due t o  nonuniformities i n  the  plasma column 
harmonics above t h i s  frequency were observed experimentally. 
Figure 6.24 summarizes a l a rge  amount of experimelntal da ta ,  such 
a s  i s  shown i n  Figs .  6.22 and 6.23. The harmonic power output below 
the  fundamental power l e v e l  i s  shown a t  s a tu ra t ion .  
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Figure 6.25 i s  s i m i l a r  t o  F ig .  6 .21  except t h a t  t he  a x i a l  magnetic 
f i e l d  i n  t h i s  case was 485 G. A maximum smal l - s igna l  ga in  of 35 dB was 
observed at 570 V and 2.0 GHz. I n  F ig .  6.26 t h e  l e v e l  of t h e  harmonics 
t h a t  could  be observed i s  aga in  compared wi th  t h e  fundamental output  
power. 
Table 6 .3 l i s t s  t h e  gain,  i n t e r a c t i o n  length  and t h e  f i r s t  two 
harmonic l e v e l s  obtained experimental ly  and by use of t h e  var ious  
t h e o r e t i c a l  models. For t h e  t h e o r e t i c a l  c a l c u l a t i o n s  t h e  input  l e v e l  
of t h e  fundamental s i g n a l  was chosen t o  be 30 dB below CIIoVo, which 
insures  t h a t  smal l - s igna l  condi t ions  p r e v a i l  a t  t h e  input  and t h a t  t h e  
experimental  and t h e o r e t i c a l  values of ga in  a r e  comparable f o r  an  
easy comparison of i n t e r a c t i o n  l eng th .  The ga in  p red ic t ed  by t h e  two- 
dimensional a n a l y s i s  i s  t o o  h igh  because beam c o l l i s i o n  e f f e c t s  were 
neglec ted .  The d i s t ance  f o r  s a t u r a t i o n  from t h e  one-dimensional theory  
i s  t o o  low because r a d i a l  e f f e c t s  a r e  not  neg l ig ib l e .  I n  add i t i on ,  
nonuniformit ies  i n  a n  a c t u a l  plasma may r e s u l t  i n  a l a r g e r  s a t u r a t i o n  
l eng th .  The d iscrepancies  between experiment and theory  i n  t h e  harmonic 
l e v e l s  can be e a s i l y  understood from a n  inspec t ion  of any of t h e  graphs 
of Chapter V showing t h e  c i r c u i t  vo l tage  amplitudes or  RF c u r r e n t s  as 
a func t ion  of a x i a l  d i s t ance .  It may be noted t h a t  t hese  q u a n t i t i e s  
vary s u b s t a n t i a l l y  w i th in  a s h o r t  a x i a l  d i s t ance  i n  t h e  v i c i n i t y  of t h e  
s a t u r a t i o n  plane.  Thus smal l  p o s i t i o n  changes of t h e  output  coupler  of 
t h e  device  could r e s u l t  i n  l a r g e  v a r i a t i o n s  of t h e  harmonic power output .  
It i s  a l s o  l i k e l y  t h a t  t h e  plasma extended i n t o  t h e  h e l i x  regions i n  a 
h ighly  nonuniform fa sh ion  s o  t h a t  t h e  coupling could be enhanced, 
r e s u l t i n g  i n  t h e  unexpectedly h igh  harmonic output  a t  the  second harmonic. 
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Dete r io ra t ion  of t h e  coupler  VSWR on the  o the r  hand could prevent  some 
of t h e  higher  harmonic components from being coupled out  e f f e c t i v e l y .  
This may have been t h e  case f o r  t he  t h i r d  harmonic. I n  view of t h e s e  
sources of e r r o r  t h e  agreement of t h e  r e s u l t s  shown i n  Table 6.3 i s  
seen t o  be q u i t e  reasonable .  It has been found experimental ly  t h a t  t h e  
magnitudes of t h e  harmonic components i n  t h i s  beam-plasma ampl i f i e r  
a r e  comparable t o  those  i n  a convent ional  traveling-wave ampl i f i e r  w i th  
s i m i l a r  opera t ing  parameters,  except i n  those cases  where plasma 
nonuniformit ies  enhance the  coupling a t  c e r t a i n  f requencies .  
Operation of t h e  beam-plasma device i n  t h e  beam confined mode 
i s  compared wi th  opera t ion  i n  t h e  t o t a l  glow mode i n  F ig .  6.27. Here 
I i s  t h e  cathode cu r ren t  and I. i s  t h e  cu r r en t  through t h e  plasma reg ion .  K 
T rans i t i on  from one mode t o  t h e  o ther  occurred q u i t e  suddenly i n  t he  
reg ion  between and 3 - 1 0 - ~  Torr.  Note t h e  higher  noise  l e v e l  i n  
t h e  t o t a l  glow mode and t h e  reduced power output .  The reduct ion  i n  
power is  a t t r i b u t e d  t o  (1) reduced beam cu r ren t  through t h e  plasma 
reg ion  due t o  h igher  pressure  and (2) increased c o l l i s i o n  frequency, 
which increases  t h e  l o s s  through t h e  plasma. I n  F ig .  6 .28 opera t ion  i n  
t h e  t o t a l  glow mode i s  s tud ied  i n  more d e t a i l  wi th  t he  RF input  s i g n a l  
separa ted  from t h e  cyc lo t ron  frequency by 90 MHz. The f i r s t  spectrum 
analyzer  photograph shows t h e  background noise  l e v e l  a t  t h e  output of 
t h e  device along with o s c i l l a t i o n s  a t  t h e  e l e c t r o n  cyc lo t ron  frequency 
wi th  no input  s i g n a l  app l i ed .  The second photograph shows an  output  
s i g n a l  wi th  the input  d r i v e  l e v e l  s l i g h t l y  below s a t u r a t i o n .  When t h e  
device was d r iven  w e l l  i n t o  s a tu ra t ion ,  a s  shown i n  t h e  t h i r d  photograph 
of F ig .  6.28, t h e  cyc lo t ron  o s c i l l a t i o n s  were completely suppressed and 
( a )  BEAM CONFINED MODE ( b )  TOTAL GLOW MODE 
vo = 553 v vo = 553 v 
IK = 16.3 mA IK = 16.2 mA 
1, = 8.0 mA 1, = 6.0 mA 
P = 2 .  TORR P = 3 . 1 6 ~  TORR 
F I G .  6.27 COMPARISON OF BEAM CONFINED AND TOTAL GLOW MODES. ( f  s = 2.013 
GHz, f c  = 1.357 GHZ) 
( a )  OUTPUT WITHOUT (b )  OUTPUT WITH 250  mW 
RF DRIVE POWER RF DRIVE POWER 
( c )  OUTPUT WlTH 375 mW 
RF DRIVE POWER 
F I G .  6.28 OUTPUT CHARACTERISTICS OF A BEAM-PLASMA DEVICE OPEBATING I N  
THE TOTAL GLOW MODE WITH TKE INPUT SIGNAL CLOSE TO THE CYCLOTRON 
FREQUENCY. (V = 580 V, I = 7.2 mA, fc  = 1260 MHz, fs = 1150 
0 0 
t h e  second harmonic i s  j u s t  bare ly  v i s i b l e  a t  a l e v e l  approximately 
15 dB below t h e  fundamental. 
I n  F ig .  6.29 t h e  s a t u r a t i o n  cha rac t e r  i s t i c s  f o r  t h e  beam-plasma 
device opera t ing  i n  t h e  t o t a l  glow mode wi th  a smal l - s igna l  e l e c t r o n i c  
ga in  of 20 dB a r e  shown. Note t h a t  i n  t h i s  case t h e  t h i r d  harmonic 
was g r e a t e r  t han  the  second by a s  much a s  8 dB a t  s a t u r a t i o n .  Figure 
6.30 d e p i c t s  t h i s  s i t u a t i o n  i n  t h e  form of a spectrum analyzer  photo- 
graph. Cyclotron o s c i l l a t i o n s  were suppressed i n  t h i s  case because t h e  
cyc lo t ron  frequency and t h e  fundamental s i g n a l  were separa ted  by only 
35 MHz. Figures  6.31 and 6.32 show t o t a l  glow mode operat  ion  a t  a 
higher  magnetic f i e l d  and wi th  the  sepa ra t ion  between s i g n a l  and 
cyc lo t ron  f requencies  much g r e a t e r  than  i n  t he  two previous f i g u r e s .  
Here s a t u r a t i o n  was j u s t  b a r e l y  reached due t o  a l a c k  of adequate d r i v e  
power, t h e  second and t h i r d  harmonics were 14  and 20 dB below t h e  
fundamental, r e spec t ive ly ,  and the  cyc lo t ron  o s c i l l a t i o n s  were not  
suppressed. 
6 .3 .2  Intermodulat ion and -- Cross -Modulation ---- Tests  Using Two RF 
S igna l s .  Both of t h e s e  phenomena may be expected t o  t ake  p lace  when 
a beam-plasma device i s  operated i n  t h e  nonl inear  regime. Since t h e  
one-dimensional computer program used f o r  c a l c u l a t i n g  t h e  harmonic 
components was gene ra l  enough t o  handle c l o s e l y  spaced s i g n a l s  a s  wel l ,  
a few r e s u l t s  showing two-signal opera t ion  of a beam-plasma device w i l l  
be included i n  t h i s  s tudy .  A l l  d a t a  was obtained f o r  opera t ion  i n  
t h e  beam confined mode at a pressure  of 2 - l 0 - *  Torr .  
Let f be the  lower frequency s i g n a l  and f b  be t h e  higher  
a 
frequency s i g n a l .  The two intermodulat ion products  which a r e  c l o s e s t  t o  
OUTPUT POWER RELATIVE TO 
FUNDAMENTAL OUTPUT, dB 
F I G .  6.30 SPECTRUM ANALYZER DISPLAY OF THE FUNDAMENTAL AND ITS F I R S T  
TWO HARMONICS I N  THE OUTPUT FROM A BEAM-PLASMA DEVICE OPERATING 
I N  THE TOTAL GLOW MODE. (V = 580 V, I. = 7.8 mA, fc = 780 MHz, 0 
is = 745 MHz) 
OUTPUT POWER RELATIVE TO FUNDAMENTAL OUTPUT, dB 
F I G .  6.32 SPECTRUM ANALYZE23 DISPLAY OF TKE FUNDAMENTAL AND THE SECOND 
HARMONIC A T  THE OUTPUT OF A BEAM-PLASMA DEVICE OPERATING I N  
THE TOTAL GLOW MODE. (Vo = 580 V, I = 7 .2  mA, f = 1260 MHz, 0 C 
fs = 924 MHZ) 
t h e  input  s i g n a l s  a r e  2f - f and 2fb - 
a b  f a  . Holding t h e  input  s i g n a l  
l e v e l  of f f i xed ,  F ig .  6.33 shows a drop i n  f a t  t h e  output  of t he  b b 
device due t o  cross-modulation a s  f i s  increased t o  s a t u r a t i o n  and 
a 
s l i g h t l y  beyond. The smal l - s igna l  ga in  of t h e  device was approximately 
33 dB. The d r i v e  l e v e l  was s o  chosen t h a t  when f of comparable 
a 
magnitude was app l i ed  t h e  device was sa tu ra t ing ,  even though f b  a lone  
was not  s u f f i c i e n t  f o r  s a t u r a t i o n .  The magnitude of t h e  intermodulat  ion  
components i s  a l s o  shown i n  F ig .  6.33. Their l e v e l  comes t o  w i th in  
approximately 15 dB of t h e  d r i v e  s i g n a l s .  For t h e  frequency spacing of 
6 MHz chosen f o r  t h i s  run  only two modulation components were de t ec t ed .  
Figure 6.34 shows t h e  corresponding r e s u l t s  f o r  t h e  case when the  lower 
frequency input  s igna l ,  fa ,  was h e l d  f i x e d  while t h e  upper frequency 
s igna l ,  f b ,  was increased.  The intermodulat ion components were comparable 
i n  magnitude t o  t h e  previous case,  bu t  t h e r e  was a n e g l i g i b l e  decrease 
i n  t h e  output  of f a .  This shows t h a t  t h e  lower frequency s i g n a l  dominates 
when c l o s e l y  spaced s i g n a l s  of approximately equal  s t r e n g t h  a r e  app l i ed  
t o  t h e  device .  S imi la r  r e s u l t s  a r e  obtained f o r  a c o n v e n t i o n a l t r a v e l i n g -  
wave ampl i f i e r ,  bu t  were not  apparent  i n  t he  t h e o r e t i c a l  c a l c u l a t i o n s  
f o r  t h e  beam-plasma ampl i f i e r .  This i s  due t o t h e  f a c t  t h a t ,  f o r  t h e  
frequency d i f f e rence  of 100 MHz t h a t  had t o  be used i n  t h e  ca l cu la t ions ,  
t h e  v a r i a t i o n  i n  t h e  v e l o c i t y  parameter and hence t h e  ga in  completely 
masked t h i s  e f f e c t .  Figure 6.35 shows a s e r i e s  of spectrum analyzer  
photographs of t h e  behavior of t h e  intermodulat ion components a s  f b  
was h e l d  f i x e d  while f a  was increased  u n t i l  t he  device s a t u r a t e d .  A l l  
parameters a r e  t h e  same a s  f o r  t h e  two previous f i g u r e s .  Note t h a t  t h e  
intermodulat ion components a r e  approximately 15 dB below t h e  primary 
output  s i g n a l s .  
LOWER FREQUENCY OUTPUT POWER RELATIVE TO 
HIGHER FREQUENCY OUTPUT, dB 
F I G .  6.33 INTERMODULATION COMPONENTS AND HIGHER FREQUENCY OUTPUT A S  THE 
LOWER FREQUENCY I N P U T  LEVEL I S  VARIED. [fa = 1.994 GHz, f = b 
2.000 GHz (140 mW DRIVE POWER), SMALL-SIGNAL GAIN = 3 J dB, Vo = 
573 V, I. = 8.9 mA, Bo = 485 G, f z 4.2 GHz, P = 2 - l 0 - ~  TORR] 
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(a)  OUTPUT OF fa IS 2 0  dB (b) OUTPUT OF fa IS 10 dB 
BELOW THE OUTPUT OF f b  BELOW THE OUTPUT OF fb  
( c )  OUTPUT OF fa IS 5 dB (d)  OUTPUTS OF fa AND f b  
BELOW THE OUTPUT OF fb ARE EQUAL 
F I G .  6.35 SPECTRUM ANALYZE3 DISPLAY OF THE OUTPUT OF A BEAM-PLASMA DEVICE 
WITH TWO I N P U T  SIGNALS.  (fa = 1.994 GHz, fb = 2.000 GHz, Vo = 
The next  two f i g u r e s  a r e  s i m i l a r  t o  t he  previous ones,except 
t h a t  t h e  input  s i g n a l s  a r e  more c l o s e l y  spaced. They a r e  only IMHz 
a p a r t  i n  F igs .  6.36 and 6.37. Consequently, two a d d i t i o n a l  intermodulat ion 
components could be seen a t  3fa - 2f and 3fb - 2fa.  The output  from b 
t h e  device i s  shown i n  F ig .  6.36 a s  t h e  h igher  frequency s i g n a l  amplitude 
was h e l d  f ixed ,  while  t h e  lower frequency amplitude was increased u n t i l  
s a t u r a t i o n  s e t  i n .  Figure 6.37 shows a spectrum analyzer  d i sp l ay  of 
t h e  var ious  s i g n a l s  i n  t h e  s a t u r a t i o n  reg ion .  Note t h a t  t he  h igher  
frequency output  s i g n a l  has  been s l i g h t l y  suppressed by t h e  lower 
frequency one. S igna l s  2fa  - f b  and 2fb - f appear approximately 20 dE 
a 
below t h e  primary s i g n a l s ,  3fb - 2f appears approximately 25 dB belox 
a 
t h e  primary s i g n a l s ,  while Sfa - 2f i s  j u s t  b a r e l y  v i s i b l e .  b 
I n  summary, it can be s a i d  t h a t  t h e  experimental ly  observed 
intermodulat ion components agreed wi th in  a few dB wi th  the  r e s u l t s  
ca lcu laked  i n  Chapter V.  A d e t a i l e d  comparison i s  not poss ib le  because 
a f a r  g r e a t e r  frequency sepa ra t ion  had t o  be used f o r  t h e  computations 
than  f o r  t h e  experiments.  As was poin ted  out i n  Sec t ion  5.3.4, t h i s  
was n e c e s s i t a t e d  by t h e  l i m i t  i n  t h e  number of charge groups t h a t  could 
be t racked  through t h e  i n t e r a c t i o n  reg ion .  
Comparing t h e  r e s u l t s  of t h i s  s tudy  wi th  El-Shandw i l y  ' s data72 
f o r  a Sper ry  STX-297 traveling-wave ampl i f ie r ,  one f i n d s  t h a t  the  
intermodulat ion components appear s l i g h t l y  higher  i n  t h i s  beam-plasma 
device.  This i s  probably due t o  a higher  value of i n t e r a c t i o n  impedance, 
which r e s u l t s  i n  a higher  value of t h e  ga in  parameter,  C . 
1 
- 2 0  - 15 - 10 -5 0 5 
LOWER FREQUENCY OUTPUT POWER RELATIVE TO 
HIGHER FREQUENCY OUTPUT, dB 
F I G .  6.36 INTERMODULATION COMPONENTS AND HIGKER FREQUENCY OUTPUT A S  THE 
LOWER FREQUENCY I N P U T  LEVEL I S  VARIED. [f, = 2.009 GHz, fb = 
2.010 GHz (150 mW DRIVE POWER), SMALL-S IGNAL GAIN = 33 dB, Vo = 
573 v, I. = 8.9 mA, Bo = 485 G, f - 4.2 GHz, P = 2 . 1 0 ' ~  TORR 1 
P 
F I G .  6.37 SPECTRUM ANALYZER DISPLAY OF THE F I R S T  TWO S E T S  O F  INTER-  
MODULATION COMPONENTS AT THE OUTPUT OF A BEAM-PLASMA DEVICE.  
(f = 2.009 GHz, f = 2.010 GHz, Vo = 573 V, I. = 8.9 mA, 
a b 
B = 485 G )  
0 
CHAPTER V I I .  COUPLING TO BEAM-PLASMA SYSTEMS 
7 .1  In t roduc t ion  
One of t h e  p r i n c i p a l  advantages of a  beam-plasma device compared 
with a  convent ional  microwave tube i s  t h a t  t h e  slow-wave s t r u c t u r e  i s  
rep laced  by t h e  plasma column. Thus t h e  problems inherent  i n  manu- 
f a c t u r i n g  t h e  f r a g i l e  slow-wave s t r u c t u r e  a r e  e l imina ted .  Unfor tuna te ly  
t h e  problem of coupling i n t o  the  device i s  s t i l l  p r e sen t .  The 
experimental  d a t a  of Chapter V I ,  f o r  example, were obtained wi th  a 
beam-plasma device t h a t  made use of s h o r t  s ec t ions  of slow-wave 
s t r u c t u r e  t o  which RF energy could be coupled. These were loca t ed  
outs ide  of t h e  a c t u a l  plasma, bu t  were j u s t  a s  l imi t ed  i n  s i z e  a s  t h e  
slow-wave s t r u c t u r e  of a  comparable traveling-wave tube.  
E l l i p t i c  c a v i t y  couplers  r ep re sen t  a  quas i -op t i ca l  approach 
t o  coupling t o  a  beam-plasma system. They were mentioned b r i e f l y  i n  
Chapter V I  and w i l l  be analyzed more f u l l y  below. There a r e  no s t r i n g e n t  
r e s t r i c t i o n s  on t h e  s i z e  of such a  coupler  o the r  than  those d i c t a t e d  by 
impedance cons idera t ions .  Of course,  w a l l  l o s s e s  increase  wi th  
phys i ca l  s i z e ,  bu t  t hese  a r e  o r d i n a r i l y  small  compared t o  t h e  coupling 
l o s s e s  between t h e  cav i ty  and the  plasma. Thus, i f  t h e  impedance of 
an e l l i p t i c  cav i ty  can be matched t o  t he  impedance of t h e  plasma 
column, an exce l l en t  coupling scheme should r e s u l t .  
7 .2  Analysis  - of E l l i p t i c  Cavity Couplers 
Consider t h e  r a d i a l  t ransmiss ion  l i n e  depic ted  i n  F ig .  7 . l a  
cons i s t i ng  of two p a r a l l e l  plane conductors with a  spacing, b ,  between 
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them. Solving t h e  wave equat ion  f o r  such a system one f i n d s  t h a t  t h e  
dominant E-type mode i s  a Tl3M mode. 82 The e x c i t a t i o n  geometry and 
guide dimensions w i l l  l a t e r  be chosen so t h a t  t h e  dominant mode 
c h a r a c t e r i z e s  t he  f i e l d  everywhere. The nonvanishing f i e l d  components 
of t h i s  mode a r e  t h e  E -component, which has no v a r i a t i o n  i n  t h e  
Z 
z -d i rec t ion ,  and t h e  H -component, which corresponds t o  a t o t a l  r a d i a l  
cp 
cu r ren t  21rrH d i r e c t e d  outward i n  one p l a t e  and inward i n  t h e  o t h e r .  
cp' 
The component EZ corresponds t o  a t o t a l  vo l tage  E b between t h e  
z 
p l a t e s .  Thus 
and 
The corresponding c h a r a c t e r i s t i c  impedance i s  then 
where 
when t h e  space between the  r a d i a l  waveguide p lanes  i s  empty. For 
computation of power flow t h e  input  impedance of a matched l i n e  i s  
not  i n  gene ra l  equal  t o  i t s  c h a r a c t e r i s t i c  impedance. 
I n  a r a d i a l  waveguide t h e  concept of guide wavelength l o s e s  i t s  
customary meaning because of t h e  nonperiodic na ture  of t he  f i e l d  
v a r i a t i o n  i n  the  t ransmiss ion  d i r e c t i o n .  Consequently t h e  u s u a l  
r e l a t i o n  between guide wavelength and cu to f f  wavelength i s  no t  v a l i d .  
However, t he  cu tof f  wavelength, def ined a s  t h e  wavelength a t  which the  
propagat ion cons tan t  i s  zero,  i s  u s e f u l  a s  an  ind ica t ion  of t h e  
propagat ing o r  nonpropagating cha rac t e r  of a  mode. For an  E-type 
mode t h e  cu tof f  wavelength i s  given bys2 
Thus f o r  t he  dominant mode, f o r  which m = n = 0, t h e r e  i s  no lower 
frequency c u t o f f .  
I n s t ead  of l e t t i n g  the  r a d i a l  t ransmiss ion  l i n e  extend t o  
i n f i n i t y ,  it i s  assumed t o  be terminated i n  an  impedance Z uniformly L 
d i s t r i b u t e d  around a r ad ius  r a s  shown i n  F ig .  7 . l b .  Assume a l s o  L ' 
t h a t  an  input  s i g n a l  i s  app l i ed  a t  ri. For such a  case Ramo and 
Whinnerya3 der ived  an  express  ion f o r  t h e  input  impedance, Zi ,  
def ined  by 
For a r b i t r a r y  values of Z t h e  r e s u l t  i s  L 
where 
and 
Here k i s  t h e  propagat ion cons tan t  of f r e e  space and t h e  J ' s  and N's a r e  
0 
Besse l  func t ions  of t h e  f i r s t  and second kind, r e s p e c t i v e l y .  
Choosing Z = 50 R f o r  a reason which w i l l  be apparent  s h o r t l y ,  L 
Eq. 7.7 was used t o  c a l c u l a t e  t he  input  impedance a s  a func t ion  of 
korL wi th  kori = 0.416. The r e s u l t s  a r e  shown i n  F ig .  7 .2.  
Knowing t h e  c h a r a c t e r i s t i c s  of a terminated r a d i a l  t ransmiss ion  
l i n e  t h e  f i n a l  s t e p  i n  t h e  development of an  e l l i p t i c  c a v i t y  coupler 
is  dep ic t ed  i n  F igs .  7 . l c  and d.  The t ransmiss ion  l i n e  of he igh t  b  and 
r a d i u s  r i s  rep laced  by a n  e l l i p t i c  l i n e  of he igh t  b  such t h a t  c  + d = L 
r A p e r f e c t l y  r e f l e c t i n g  sur face  is  assumed t o  be loca t ed  a t  A '  L ' 
and t h e  50 R load  i s  a t  B .  The f o c i  of t he  e l l i p s e  a r e  a t  A and B.  
The f i n a l  geometry of t he  e l l i p t i c  cav i ty  i s  shown i n  F ig .  7.3. It i s  
a  c h a r a c t e r i s t i c  of an e l l i p s e  t h a t  t he  lengths  of t h e  r ays  between 
one focus, t h e  w a l l  and t h e  o ther  focus a r e  a l l  equa l .  I n  p a r t i c u l a r ,  
i n  F ig .  7.3, 
F A F  = F B F  = r 
1 2  1 2  L 
One may now place  a t r a n s i t i o n  t o  a 50 R coax ia l  t ransmiss ion  l i n e  a t  
F and a plasma column of r ad ius  r i  a t  F . Then RF energy launched 
2  1  
i n  t h e  c a v i t y  a t  F i s  t r ansmi t t ed  i n  phase t o  t h e  plasma at  F due t o  
2  1  
t h e  equal  pa th  l eng ths  between t h e  two f o c i .  The e l e c t r i c  f i e l d  i n  
t h e  c a v i t y  i s  such t h a t  it l i e s  along t h e  long i tud ina l  d i r e c t i o n  of 

LINE 
=so  a)  
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t h e  plasma column, a s  i s  des i r ed  f o r  a  beam-plasma i n t e r a c t i o n .  Phase 
e r r o r s  a r e  introduced due t o  t he  f a c t  t h a t  t h e  pa th  lengths  a r e  not  
a l l  e x a c t l y  equal  s ince  t h e  plasma column and t h e  coax ia l  l i n e  
t r a n s i t i o n  have f i n i t e  dimensions. This problem may i n  p a r t  be compen- 
s a t e d  f o r  i n  a n  a c t u a l  c a v i t y  by making t r i a l  and e r r o r  adjustments 
i n  t h e  matching antenna between the  coax ia l  l i n e  and t h e  cav i ty .  
To be s u i t a b l e  with t h e  experimental device descr ibed i n  Chapter 
V I  t h e  c a v i t y  dimensions were taken a s  shown i n  Table 7.1. 
Table 7 .1  
Cavity Dimensions 
Major Axis of E l l i p s e  
Minor Axis of E l l i p s e  
E c c e n t r i c i t y  of E l l i p s e  
Cavity Height 
Design Center Frequency 
r i 
kor i 
korL (from Fig .  7 .2)  
This choice of  dimensions f o r  t he  c a v i t y  p laces  t h e  opera t ing  p o i n t  
of 2 .5  GHz near t h e  cen te r  of one of t he  broad va l l eys  i n  t h e  r e s i s t i v e  
component of t he  input  impedance shown i n  Fig. 7 .2 .  The r e a c t i v e  
component i s  near ze ro  f o r  those condi t ions .  Thus opera t ion  should be 
poss ib le  over a  band of f requencies  around 2 . 5  GHz. Note t h a t  t h e  
input  impedance i s  i n  t h e  range of 20 t o  100 R, r equ i r ing  a  plasma 
column corresponding t o  F ig .  2.12 r a t h e r  than  Figs .  2 . 8  through 2.11. 
This implies  t h a t  t he  plasma column i s  r equ i r ed  t o  f i l l  t h e  t u b e ,  
n e c e s s i t a t i n g  a hot-cathode discharge o r  poss ib ly  a beam-generated 
plasma opera t ing  i n  t h e  t o t a l  glow mode. A beam-generated plasma i n  
t h e  beam confined mode, a s  a v a i l a b l e  i n  t h e  p re sen t  experimental  device,  
could not  be expected t o  be matched t o  t h e  cav i ty .  These p o i n t s  w i l l  
be  d iscussed  more f u l l y  i n  t h e  next  s e c t i o n .  
A c ros s  s e c t i o n  through an  e l l i p t i c  c a v i t y  coupler i s  shown i n  
Fig.  7.4. A s tandard  type-N RF connector modified f o r  t h i s  purpose 
was used a t  t h e  input .  
For a coax ia l  l i n e  t h e  c h a r a c t e r i s t i c  impedance i s  given by 
where 5 = 377 R and E i s  t h e  d i e l e c t r i c  cons tan t  of t h e  m a t e r i a l  (with 
permeabi l i ty  p = p ) f i l l i n g  t h e  c o a x i a l  l i n e .  The r a d i u s  of t he  
0 
inner  conductor i s  r and t h e  i n s i d e  r ad ius  of t he  outer  conductor i s  
1 
r . I n  t h e  t ransducer  between t h e  coax ia l  l i n e  and t h e  c a v i t y  t h e  
2 
spacing between t h e  inner  and outer  conductors of t h e  l i n e  was tapered 
t o  maintain a 50 R impedance, a s  shown i n  F ig .  7 .4 .  The inner  conductor 
thus  forms a con ica l  antenna a t  t h e  input  t o  t he  c a v i t y .  The exac t  
shape of the  cone, p a r t i c u l a r l y  a t  i t s  base, was determined by t r i a l  
and e r r o r  so  t h a t  a good match t o  t h e  c a v i t y  impedance was achieved.  
A photograph of a disassembled c a v i t y  i s  shown i n  Fig. 7.5. The t ape red  
s t eps  around t h e  hole  through which t h e  plasma tube passes  were used t o  
reduce t h e  impedance of t he  c a v i t y  by t r i a l  and e r r o r .  This was done 
i n  order  t o  ob ta in  a b e t t e r  impedance match f o r  t h e  hot-cathode discharge 
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7.3  -- Test Resul t s  Using E l l i p t i c  Cavity Couplers 
It a l r eady  has been poin ted  out  t h a t  the  e l l i p t i c  c a v i t y  
couplers  can be expected t o  couple b e s t  t o  t h e  hot-cathode discharge 
plasma column which r equ i r ed  a gas pressure  of approximately 1.10-~ 
Torr f o r  s t a b l e  opera t ion .  The r e s u l t s  of a coupling experiment a r e  
shown i n  F ig .  7.6. The co ld  l o s s  through two c a v i t i e s  and t h e  plasma 
tube wi th  no plasma present  was i n  t h e  60-80 dB range from 1.3 t o  
2.6 GHz. When a plasma was present  t h e  co ld  l o s s  dropped markedly 
over t h i s  range, p a r t i c u l a r l y  f o r  a discharge cu r r en t  of 400 mA per  
cathode. I n  t h e  upper L-band t h e  i n s e r t i o n  l o s s  va r i ed  from 30 t o  40 
dB while i n  t he  lower S-band it was i n  t h e  v i c i n i t y  of 25  t o  30 dB. 
J u s t  below t h e  des ign  frequency of 2.5 GHz t h e  i n s e r t i o n  l o s s  was only 
21  dB. Since t h e  RF l o s s e s  i n  t h e  c a v i t i e s  and t h e  plasma column 
may be expected t o  be small  compared t o  t he  coupling l o s s ,  most of 
t h e  2 1  dB may be a t t r i b u t e d  t o  t h e  coupling.  Thus a l o s s  of 10 t o  
15 dE5 per  coupler was observed over a f a i r l y  wide range of f requencies .  
Since t h e  beam-plasma i n t e r a c t i o n  y i e lded  a ga in  of more than  30 dB i n  
t he  device t e s t e d ,  n e t  g a i n  should be poss ib l e  with t h i s  method of 
coupling. 
Unfortunately t h e  e l e c t r o n  beam emission could not  be maintained 
a t  pressures  i n  t he  lo-" Torr range due t o  ion bombardment of t h e  
cathode. When t h e  pressure  was lowered s u f f i c i e n t l y  so  t h a t  an 
e l e c t r o n  beam wi th  r a t e d  cu r r en t  could be obtained, t he  hot-cathode 
discharge became uns t ab le  due t o  an anomalous d i f f u s i o n  and ex t inguished  
due t o  s p u t t e r  pumping i n  t h e  discharge reg ion .  These problems were 
d iscussed  i n  Chapter V I .  
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The plasma t h a t  could be maintained a t  lower pressures  was t h e  
beam-generated plasma. The beam confined mode, which e x i s t e d  a t  
pressures  below 2 - 1 0 - ~  Torr and f o r  which t h e  b e s t  experimental ga in  
was obta ined  wi th  t h e  coupled-hel ix couplers ,  had a c h a r a c t e r i s t i c  
impedance of s e v e r a l  hundred ohms, a s  shown i n  F i g s .  2.8 through 2.11. 
Thus it was not  poss ib l e  t o  match t h e  c a v i t y  impedance t o  t h e  plasma 
column over a s u f f i c i e n t l y  wide frequency reg ion .  Even t h e  t o t a l  
glow mode of t h e  beam-generated plasma y i e lded  negat ive r e s u l t s  i n  a 
coupling experiment wi th  the  e l l i p t i c  c a v i t i e s .  Apparently t h e  
plasma d e n s i t y  was s t i l l  t o o  low t o  y i e l d  a s u f f i c i e n t l y  low impedance 
t o  be matched t o  t h e  c a v i t i e s .  
These r e s u l t s  a r e  i n  genera l  agreement wi th  t h e  work a t  
6 0 Microwave Associates ,  where it was found t h a t  t h e  b e s t  plasma 
dens i ty  f o r  coupling does not o r d i n a r i l y  correspond t o  t h e  plasma 
dens i ty  f o r  optimum ga in .  To overcome t h i s  d i f f i c u l t y  it may be 
necessary t o  t a p e r  t h e  d e n s i t y  and poss ib ly  t h e  magnetic f i e ld8*  i n  
order  t o  obta in  b e t t e r  r a d i a l  propagation and hence t i g h t e r  coupl ing 
t o  t he  system. 
CHAPTER V I I I .  CONCLUSIONS AND RECOMMENDATIONS FOR FURTHER STUDY 
8.1 Summary and Conclusions 
- -
The equiva len t  c i r c u i t  r e p r e s e n t a t i o n  of a  plasma column was 
found t o  be an  e f f e c t i v e  and convenient method of modeling t h e  plasma 
i n  a  beam-plasma i n t e r a c t i o n .  The c h a r a c t e r i s t i c  impedance found i n  
t h i s  way included a  l o s s  term due t o  plasma c o l l i s i o n s .  C o l l i s i o n s  due 
t o  t h e  beam e l e c t r o n s  with t h e  plasma were a l s o  accounted f o r  by an  
a d d i t i o n a l  term i n  the  beam fo rce  equat ion.  
One of t h e  ch i e f  s t i p u l a t i o n s  i n  t h e  development of t h e  equiv-  
a l e n t  c i r c u i t  concept f o r  a plasma column was t h a t  t h e  plasma remain 
l i n e a r  under a l l  condi t ions .  It was shown t h a t  under ord inary  
circumstances t h i s  requirement i s  e a s i l y  s a t i s f i e d .  I n  o the r  a p p l i -  
c a t i o n s  such a s  plasma hea t ing  o r  plasma containment i n  h igh  f i e l d s  
t h i s  may not  be t h e  case and would have t o  be inves t iga t ed  before  plasma 
l i n e a r i t y  may be assumed. 
Even though t h e  one-dimensional i n t e r a c t i o n  model r e s u l t e d  i n  a  
good q u a l i t a t i v e  understanding of t h e  i n t e r a c t i o n  process ,  it was 
gene ra l ly  o p t i m i s t i c  i n  p r e d i c t i n g  the  output l e v e l s  from t h e  device .  
I n  p a r t i c u l a r ,  t h e  i n t e r a c t i o n  d i s t ance  r equ i r ed  f o r  s a t u r a t i o n  t o  
occur was c o n s i s t e n t l y  t o o  low. The two-dimensional model, which took  
r a d i a l  v a r i a t i o n s  i n t o  account, co r r ec t ed  these  shortcomings, s o  t h a t  
f a i r l y  good agreement could be obtained with the  experimental  
measurements. 
The beam-plasma device was found t o  be considerably more d i s -  
pe r s ive  than  a  convent ional  he l ix- type  traveling-wave ampl i f i e r ,  f o r  
example. For t h i s  reason t h e  appropr ia te  d i spe r s ion  equat ion had t o  be 
solved i n  order  t o  f i n d  t h e  o-f3 c h a r a c t e r i s t i c s  before  t h e  c h a r a c t e r i s t i c  
impedance could be ca l cu la t ed .  Even though t h e  phase v e l o c i t y  a long  t h e  
plasma column was appropr i a t e  f o r  beam-plasma i n t e r a c t i o n  over a  band- 
width of approximately 20 percent ,  t h e  c h a r a c t e r i s t i c  impedance remained 
a t  a  s u b s t a n t i a l  l e v e l  over a  frequency band of s eve ra l  octaves.  This 
suggests  t h a t  a beam-plasma device might be r i c h  i n  harmonics, provided 
they  can be coupled ou t .  This was i n  f a c t  found t o  be t h e  case .  
Experimental r e s u l t s  i nd ica t ed  t h a t  i n  some cases  t h e  second harmonic 
was a s  l i t t l e  as 3 t o  6 dB below t h e  fundamental. I n  o ther  cases ,  when 
t h e  second harmonic was 1 2  t o  15 dB below the  fundamental, t h e  t h i r d  
harmonic was a c t u a l l y  s e v e r a l  dB l a r g e r  than  t h e  second. 
Nonuniformities i n  t h e  plasma dens i ty  were not  taken i n t o  account 
i n  t h e  t h e o r e t i c a l  development, but  they  d i d  p l ay  a major r o l e  i n  t h e  
experimental  device .  For one th ing ,  they  r e s u l t e d  i n  a  cons iderable  
broadening of t h e  frequency reg ion  over which ga in  could be observed. 
Second, t h e  i n t e r a c t i o n  l eng th  r equ i r ed  f o r  s a t u r a t i o n  t o  take  p lace  
was increased  by nonuniformit ies .  Most s i g n i f i c a n t l y ,  however, it 
appears  t h a t  nonuniformit ies  permi t ted  some of t h e  higher  harmonics t o  
be generated t h a t  otherwise would not  have e x i s t e d .  Since t h e  d e n s i t y  
va r i ed  ac ros s  t h e  plasma column, t h e  plasma frequency va r i ed  a l s o .  
The h igher  harmonics appearing i n  t h e s e  experiments were o r d i n a r i l y  
generated by an induct ive  wa l l  i n t e r a c t i o n ,  which may t ake  p lace  between 
> 
the hybr id  frequency and o when w - o and o i s  s e v e r a l  t imes o . 
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Thus t h e  increase  i n  plasma dens i ty  toward t h e  cen te r  of t he  column 
broadened t h i s  i n t e r a c t i o n  reg ion  and r e s u l t e d  i n  t h e  product ion of 
a d d i t i o n a l  harmonics. 
Two methods of coupling i n t o  and out  of t he  experimental  device 
were employed. One made use of coupled-hel ix couplers  and s h o r t  s ec t ions  
of  h e l i c a l  slow-wave s t r u c t u r e  a t  bo th  ends of t h e  plasma reg ion .  This 
method worked qu i t e  w e l l  and was used almost exc lus ive ly  i n  t h e  ga in  
and harmonic genera t ion  t e s t s .  The main shortcoming of t h i s  method 
of coupling i s  t h a t  a  slow-wave s t r u c t u r e  i s  requi red ,  j u s t  a s  i n  a 
convent ional  microwave tube .  As t h e  opera t ing  frequency becomes h igh  
t h i s  slow-wave c i r c u i t  becomes very  small ,  i s  d i f f i c u l t  t o  f a b r i c a t e  
and i s  not  ab l e  t o  handle l a r g e  amounts of RF power. 
For t h a t  reason e l l i p t i c  c a v i t y  couplers  were b u i l t  and placed 
d i r e c t l y  around the  plasma column. Being a quas i -op t i ca l  method of 
coupling, it d i d  not s u f f e r  from s i z e  l i m i t a t i o n s ,  a s  t h e  coupled 
h e l i c e s  d id .  A coupling l o s s  of 10 t o  15 dB per  c a v i t y  could be 
obta ined  over a  s u b s t a n t i a l  frequency reg ion .  Since h igh  RF ga in  per  
u n i t  l eng th  i s  poss ib l e  i n  a  beam-plasma i n t e r a c t i o n ,  t h i s  method of 
coupling holds g r e a t  promise t o  y i e l d  n e t  ga in  i n  a  device s i m i l a r  t o  
t h e  one used f o r  t h e  experimental m r k  of t h i s  s tudy.  Some ways of 
overcoming t h e  problems encountered wi th  t h e  e l l i p t i c  c a v i t i e s  i n  t h e  
device used f o r  t h i s  s tudy  w i l l  be mentioned i n  t he  next  s e c t i o n .  
8 . 2  Recommendations f o r  Fur ther  Study 
-
The experimental work demonstrated t h a t  plasma &onuniformit ies  
a r e  q u i t e  important i n  a l t e r i n g  t h e  t h e o r e t i c a l l y  c a l c u l a t e d  values 
of i n t e r a c t i o n  length ,  t he  harmonic cu r r en t  magnitudes and the  ga in .  
For t h a t  reason they  should be included i n  t h e  t h e o r e t i c a l  ana lyses .  
Conceptually t h e  approach t o  t h i s  problem appears  t o  be s t r a igh t fo rward .  
One merely has t o  make allowance f o r  a x i a l  and r a d i a l  plasma d e n s i t y  
v a r i a t i o n s  by l e t t i n g  t h e  equiva len t  d i e l e c t r i c  cons tan t  of t he  plasma 
column and hence t h e  c h a r a c t e r i s t i c  impedance be a func t ion  of a x i a l  
and r a d i a l  d i s t ance .  This  could be done i n  a  continuous manner, bu t  
wi th  a stepwise approximation f o r  use i n  t h e  d i g i t a l  computer programs. 
From a  programming s tandpoin t  and i n  view of t h e  much longer  computing 
time needed i n  such a  case,  t h e  problems t h a t  would be encountered 
a r e  immediately apparent .  Nevertheless,  i n  some cases  it could be 
worthwhile t o  make such an a n a l y s i s .  
The requirement of l i n e a r i t y  f o r  t he  plasma i s  be l ieved  t o  be 
r e a d i l y  met i n  beam-plasma i n t e r a c t i o n s  of t h e  type  considered i n  t h i s  
s tudy .  I n  any case,  t h e  equiva len t  c i r c u i t  approach does not  appear 
t o  l end  i t s e l f  e a s i l y  t o  t h e  inc lus ion  of n o n l i n e a r i t i e s .  I f  
n o n l i n e a r i t i e s  should become important i n  t h i s  o r  r e l a t e d  app l i ca t ions ,  
it would be necessary t o  t r e a t  t h e  plasma on a  p a r t i c l e  bas i s ,  a s  i s  
done f o r  t h e  e l e c t r o n  beam. The double-stream i n t e r a c t i o n  approach 
i s  a  s t e p  i n  t h a t  d i r e c t i o n .  A completely nonl inear  a n a l y s i s  would be 
i n t e r e s t i n g  i n  t h a t  it would po in t  out  exac t ly  how neg l ig ib l e  plasma 
n o n l i n e a r i t i e s  r e a l l y  a r e .  P a r t i c u l a r l y  i f  thermal  e f f e c t s  i n  t h e  
plasma and t h e  beam played an  important r o l e ,  t h i s  type of a n a l y s i s  would 
be very u s e f u l .  
I n  t h e  experimental  work it would have been d e s i r a b l e  t o  have 
a method of measuring t h e  r a d i a l  dens i ty  d i s t r i b u t i o n  of t h e  beam- 
generated plasma by means of c a v i t i e s  and/or probes.  The e f f e c t s  of 
shea ths  should be inves t iga t ed .  Also, t h e  i n s t a b i l i t i e s  i n  t h e  plasma 
column along wi th  t h e  e f f e c t s  of anomalous d i f fus ion ,  when a  focus ing  
magnetic f i e l d  i s  p resent ,  should be s tud ied .  
Far more important t han  these  cons idera t ions  i s  t he  experimental  
s o l u t i o n  t o  t h e  coupling problem. By improving the  s t a b i l i t y  of t h e  
plasma column it should be poss ib le  t o  opera te  t h e  hot-cathode d ischarge  
a t  a  lower pressure ,  s o  t h a t  a  dense plasma s u i t a b l e  f o r  coupling t o  
t h e  c a v i t i e s  can be obta ined  without poisoning t h e  beam cathode. A 
lower pressure  i s  d e s i r a b l e  a l s o  from t h e  s tandpoin t  of achieving a 
lower c o l l i s i o n  frequency and hence obta in ing  more ga in .  Ion t r app ing  
might be employed t o  cu t  down cathode bombardment and s p u t t e r i n g .  
Pos i t i on ing  t h e  gun o f f  t h e  a x i s  would a l s o  h e l p  i n  t h i s  matter  because 
t h e  p o s i t i v e  ions i n  fol lowing the  magnetic f i e l d  l i n e s  would not s t r i k e  
t h e  cathode. 
In s t ead  of lowering the  c h a r a c t e r i s t i c  impedance of t h e  plasma 
column, an  at tempt  should be made t o  r a i s e  t h e  cav i ty  impedance, 
p a r t i c u l a r l y  i f  c a v i t y  coupling t o  a  plasma column opera t ing  i n  t h e  
beam confined mode i s  des i r ed .  It i s  not  l i k e l y  t h a t  t hese  adjustments  
can be made by impedance matching outs ide  of t h e  cavi ty ,  bu t  a r educ t ion  
i n  t he  hole  diameter through which the  plasma e n t e r s  t h e  c a v i t y  should 
y i e l d  t h e  d e s i r e d  r e s u l t s .  To t h i s  end it may be necessary t o  make 
t h e  c a v i t y  an  i n t e g r a l  p a r t  of t h e  plasma tube i n  order  t o  b r ing  the  
coupling gap i n t o  t h e  immediate v i c i n i t y  of t h e  beam-generated plasma 
c o lumn . 
APPENDIX A .  DISPERSION RELATIGN FOR A GENERAL BEAM-PLASMA SYSTEN 
I n  Fig.  A . l  t h e  geometry i s  shown f o r  which t h e  d i spe r s ion  
equat ion is t o  be obtained.  Region I conta ins  an  e l e c t r o n  beam and t h e  
plasma, while Region I1 conta ins  only t h e  plasma. Region I11 i s  a 
d i e l e c t r i c  cy l inde r  wi th  r e l a t i v e  d i e l e c t r i c  cons tan t  K . A t  r a d i u s  a 
e  
t h e r e  i s  a  m e t a l l i c  boundary. The plasma is  assumed t o  be cold,  uniform, 
s t a t i o n a r y  and n e u t r a l .  The ve loc i ty ,  u  of t h e  monoenergetic beam 
0' 
e l e c t r o n s  and t h e  dc magnetic f i e l d  coincide a long  t h e  z -d i r ec t ion .  
N o n r e l a t i v i s t i c  mechanics i s  assumed t o  apply so  t h a t  t h e  a c  magnetic 
f i e l d  i s  neg l ig ib l e .  The equat ions of motion app l i cab le  t o  t h e  var ious  
reg ions  y i e l d  express ions  f o r  t h e  s p e c i f i c  induct ive  capac i ty  and hence 
t h e  d i e l e c t r i c  t e n s o r .  These q u a n t i t i e s  a r e  der ived  i n  Appendix B f o r  
Region 11, which con ta ins  a  s t a t i o n a r y  plasma only. I n  Region I, where 
t h e  beam i s  present  i n  a d d i t i o n  t o  t h e  plasma, t h e  s p e c i f i c  induct ive  
capac i ty  components have a term j u s t  a s  f o r  Region I1 p lus  a term where cu 
i s  everywhere rep laced  by w - kuo. Thus i n  Region I 

and 
where w and o+, a r e  t h e  plasma f requencies  i n  t h e  plasma and t h e  beam 
P 
regions,  r e s p e c t i v e l y .  
I n  order  t o  ob ta in  a  d i spe r s ion  r e l a t i o n  f o r  t h e  beam-plasma 
system, Maxwell's equat ions  must be combined t o  ob ta in  t h e  wave equat ions .  
These must be solved along with the  appropr ia te  boundary condi t ions .  
The Maxwell equat ions  i n  terms of a c  q u a n t i t i e s  a r e  
and 
Assuming a l l  f i e l d  q u a n t i t i e s  t o  vary a s  exp [ j  (at-ncp-kz) 1, cons ider ing  
t h e  geometry of F ig .  A . l  a s  reg ions  of cu r r en t - f r ee  noncharged 
d i e l e c t r i c s ,  and making use of 
one may expand Maxwell's c u r l  equat ions i n  c y l i n d r i c a l  coord ina tes  t o  
y i e l d  
n  ; Ez - kEcp = W o H r  ? (A.9) 
n  
- j ;HZ + jkH = jEoErAL - E E A 
cp o c p x  ' (A. 12) 
aHz - E E A  + j € E A  
-jkHr - - 
o r x  0 9 1  (A. 13)  
and 
I a n  ( r ~ ~ )  + j - H  = je  F Z  , r r 
I n  t h e  above, 
a 
- Al - uxlI - ku K 
0 11 - k " o K l ~ ~  
and 
a Ax = ux - ~ u ~ K ~ ~  + kUOKXII XI 
The K ' S  wi th  subsc r ip t s  I and I1 apply t o  Regions I and 11, r e s p e c t i v e l y .  
I n  t h e  fol lowing t h e  q u a s i s t a t i c  assumption w i l l  be made, which 
reduces t h e  f u l l  s e t  of Maxwell's equat ions t o  t he  equat ions of 
e l e c t r o s t a t i c s .  Thus 
This approximation is  v a l i d  i n  systems where t h e  space-charge waves, 
o r  slow waves, t r a v e l  a t  a  smal l  f r a c t i o n  of t h e  speed of l i g h t .  
I n  view of Eq. A .  15, it i s  poss ib l e  t o  ob ta in  
and 
from Eqs. A.9 and A . l O .  S u b s t i t u t i n g  these  i n t o  Eq. A . 8 ,  t h e  fol lowing 
wave equat ion  f o r  Region I i s  obtained:  
Let 
s o  t h a t  
The s o l u t i o n  t o  Eq. A . 1 9  i s  
where t h e  A a r e  a r b i t r a r y  cons tan ts  and where t h e  Besse l  func t ions  of 
n  
t h e  f i r s t  kind only appear, because E i s  r equ i r ed  t o  be bounded a s  
z I  
r 0  I n  Region 11, by a  s imi l a r  procedure, 
where B and C a r e  a r b i t r a r y  cons tan ts  and where 
n n 
K ll11 
~2 = - k2- 
P K 111 
I n  Region 111, 
EZII I (~)  = Dnln(kr) + FnKn(b)  J 
where D and F  a r e  a r b i t r a r y  cons tan ts  and where t h e  modified Bessel  
n  n  
func t ions  have been used. The boundary condi t ions  a r e  
and 
Combining t h e s e  boundary condit ions wi th  t h e  expressions f o r  E  given 
z  
i n  Eqs. A.20, A.21 and A.23 y i e l d s  t h e  fol lowing d i spe r s ion  equation, 
i n  which only t h e  mode without cp-variations (n = 0 )  i s  considered:  
K T J (T c )  l I b 1  b 
K T J  T c )  111 p o (  b 
[ J ~ ( T ~ ~ ) N ~ ( T ~ ~ )  - N ~ ( T ~ ~ ) J ~ ( T ~ ~ ) ~ [ I ~ ( ~ ~ ) K  (kb) + K0(ka)1 (kb)] 
"111~~ 1- "" 1 1 1 
- 
Equation A . 2 4  i s  t h e  d e s i r e d  d i spe r s ion  equat ion.  It must be so lved  by 
means of a d i g i t a l  computer. It y i e l d s  t h e  phase cons tan t  and t h e  small- 
s i g n a l  growth o r  a t t e n u a t i o n  cons t an t  of t h e  beam-plasma system a s  a 
func t ion  of frequency. The f a c t  t h a t  t h e  arguments of &he Besse l  func t ions  
a r e  complex complicates t h e  s o l u t i o n  g r e a t l y .  Even i f  t h e  c o l l i s i o n  
frequency can be neglec ted  t h e  s o l u t i o n  is  not  apprec iab ly  s imp l i f i ed .  
~ i m ~ s o n ~ ~  has obtained so lu t ions  t o  Eq. A . 2 4  f o r  t h e  case of a 
beam and plasma completely o r  p a r t i a l l y  f i l l i n g  a m e t a l l i c  p ipe  so  
t h a t  Regions I and I1 of F ig .  A . l  coincide and Region I11 is not  
p re sen t .  This model i s  appropr ia te  t o  a beam-generated plasma. 
Solut ions t o  a case  c l o s e l y  approximating t h e  experimental  condi t ions  
of Chapter V I  a r e  shown i n  F ig .  A . 2 .  The imaginary p a r t s  of k a r e  seen  
t o  be negat ive and thus  r ep re sen t  t h e  smal l - s igna l  ga in  due t o  t h e  
beam-plasma i n t e r a c t  ion.  
'ek [ J ~ ( T ~ c ) N ~ ( T ~ ~ )  - ~ l ( ~ p c ) ~ o ( ~ p b ) l [ ~ o ( ~ ~ ) ~  (kb) + K0(ka)1 (kb)] 
K l ~ ~ T p  1 1 
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APPENDIX B.  DERIVATION OF TIE DIELECTRIC TENSOR FOR A PLASMA 
Consider a s t a t i o n a r y ,  homogeneous, n e u t r a l  and co ld  plasma 
column. The ions  a r e  assumed t o  form an immobile background. A s t a t i c  
-3 
magnetic f i e l d  B = B i s  appl ied  along t h e  z -d i r ec t ion ,  which co inc ides  
z  
wi th  t h e  column a x i s .  N o n r e l a t i v i s t i c  mechanics i s  assumed t o  apply s o  
t h a t  t he  a c  magnetic f i e l d  may be neglec ted .  The e l e c t r o n  equat ion of  
motion, inc luding  a viscous damping term, i s  given by 
where t h e  parameter v i s  t h e  c o l l i s i o n  frequency f o r  momentum t r a n s f e r .  
-+ The quan t i t y  -mvv r ep resen t s  t he  time r a t e  of change of momentum, 
and hence, t h e  s t a t i s t i c a l  average fo rce  exe r t ed  on an  e l e c t r o n  by 
t h e  massive ion -neu t r a l  component of t h e  plasma. This form of damping 
term is  s t r i c t l y  c o r r e c t  only when the  c o l l i s i o n  frequency i s  
independent of e l e c t r o n  ve loc i ty .  Equation B . l  i s  now w r i t t e n  a s  
Taking the  ac  components of Eq. B . 2  and assuming an exp[j(wt-kz)]  
v a r i a t i o n  of t h e  ac  q u a n t i t i e s  one ob ta ins  
Expanding the  r ight-hand s ide ,  t h e  fol lowing component equat ions a r e  
obtained i n  c y l i n d r i c a l  coordinates:  
( j o  + v ) v  = -YE + 7vrBZ 
cp cp 
and 
( j o  + v)vz = -qEz . 
From these  equat ions t h e  fol lowing expressions f o r  t h e  v e l o c i t y  
components a r e  obtained:  
(jw + V ) E  
v = -q cp + "cEr 
cP ( j o  + v ) ~  + o: 
and 
( j o  + V)E, - m E 
v = -7 c 0 
r ( j m  + v ) ~  + m z  
The equat ion of c o n t i n u i t y  i s  given by 
But 
Since t h e r e  i s  no dc d r i f t  v e l o c i t y  and neglec t ing  second-order terms, 
t h e  con t inu i ty  equat ion  may now be w r i t t e n  a s  
But 
where 3 i s  t h e  ac  volume p o l a r i z a t i o n  and p i s  t h e  volume charge 
1 1 
dens i ty  . Thus 
Equation B . l l  may now be expanded i n  terms of Eqs. B . 6  through 
B . 8 .  Thus 
- - 3 ( (jm + v)Er - m E (jm + V ) E ~  + m c ~ r  
-+ 
E 
P - C ( + ' ~ +  
1 ju ( ju + v ) ~  + o): (jcu + v)' + m2 
C 
Since 
it fol lows t h a t  
r 
0 - v  l - j -  
m 
-3 
R e c a l l  t h a t  t he  e l e c t r i c  displacement vec tor ,  D, i s  given bya5 
-+ 
Note t h a t  D r ep re sen t s  only a p a r t i a l  f i e l d  due t o  t h e  t r u e  charges i n  t h e  
plasma.a5 The f l u x  a r i s i n g  from t h e  p o l a r i z a t i o n  charges g ives  r i s e  t o  t h e  
-+ 
p o l a r i z a t i o n  f i e l d  P. The p o l a r i z a t i o n  i s  p ropor t iona l  t o  t h e  f i e l d ,  
bu t  t h e  medium under cons idera t ion  here  does not  p o l a r i z e  i s o t r o p i c a l l y .  
Hence t h e  p r o p o r t i o n a l i t y  "constant"  between 3 and 2, lcnown a s  t h e  
t3 
e l e c t r i c  s u s c e p t i b i l i t y ,  X, i s  a t e n s o r .  Thus 
Then 
fJ-+ n' = E o ( l  + X)E 
and s o  
4 -4  '34 D = E K E  = E E  , 
0 (B. 15)  
where ? i s  t h e  s p e c i f i c  induct ive  capac i ty  t e n s o r  and i s  t h e  
tj d i e l e c t r i c  t enso r .  A common d e f i n i t i o n  of K i n  t h i s  connection i s  t h e  
following: 
Since 
it fol lows t h a t  t he  a c  p o l a r i z a t i o n  may be w r i t t e n  a s  
Comparing Eqs. B.12 and B . 1 7  it is apparent  t h a t  t h e  s p e c i f i c  induct ive  
capac i ty  t enso r  components a r e  given by 
and 
If t h e  c o l l i s i o n  frequency i s  low enough t o  be neg l ig ib l e ,  which 
i s  t h e  case  f o r  many plasmas t o  be encountered, Eqs. B . 1 8  reduce t o  
and 
APPENDIX C . DERIVATION OF THE SPACE -CHARGE FIELD EXPRESSIONS 
I n  a  Lagrangian a n a l y s i s  it i s  necessary t o  c a l c u l a t e  t h e  
Coulomb fo rces  between e l e c t r o n s  o r  charge groups. The more e l egan t  
approach of de r iv ing  expressions f o r  t h e  p o t e n t i a l  and t h e  f i e l d s  from 
a  continuous charge d i s t r i b u t i o n  does not lend  i t s e l f  very w e l l  t o  
t h i s  type  of a n a l y s i s .  The gene ra l  approach here  i s  t o  so lve  Poisson ' s  
equat ion  f o r  t he  e l e c t r o n  s t ream by t h e  Green's func t ion  method o r  by 
expanding t h e  beam space-charge dens i ty  i n  a Fourier  s e r i e s  (harmonic 
method). One- and two-dimensional formulat ions w i l l  be c a r r i e d  out  
a long t h e  l i n e s  developed by Rowe. 46 I n  both ana lyses  it w i l l  be 
assumed t h a t  r e l a t i v i s t i c  e f f e c t s  a r e  neg l ig ib l e  due t o  t h e  f a c t  t h a t  
t h e  e l e c t r o n  v e l o c i t i e s  a r e  much l e s s  than  t h e  speed of l i g h t .  Hence 
t h e  formulas of e l e c t r o s t a t i c s  can be used. It i s  a l s o  assumed t h a t  
a  s u f f i c i e n t  quan t i t y  of p o s i t i v e  ions i s  p re sen t  t o  n e u t r a l i z e  t he  
average space charge. 
Consider t h e  one-dimensional case f i r s t .  The e l e c t r o n  s t ream 
space-charge dens i ty  i s  expanded i n  a Fourier  time s e r i e s  wi th  a  
p a r t i c u l a r  s p a t i a l  d i s t r i b u t i o n  assumed. 
For t h i s  reason t h e  method i s  c a l l e d  t h e  harmonic method of c a l c u l a t i n g  
t h e  space-charge f i e l d .  Assume t h a t  t h e  RF wave impressed on t h e  beam- 
plasma system bunches the  e l e c t r o n  stream such t h a t  t h e  space-charge 
dens i ty  i s  constant  i n  amplitude and va r i e s  s inuso ida l ly  with d i s t ance .  
I f  t he  plasma i s  replaced with a  d r i f t  tube, a s  shown i n  Fig.  C . 1 ,  t h e  
s t eady-s t a t e  space-charge p o t e n t i a l  f o r  t h i s  d i s t r i b u t i o n  may be 
ca lcu la t ed .  The space-charge dens i ty  i s  assumed t o  have the  form 
The harmonics of t h e  charge d i s t r i b u t i o n  a r e  given by 
from which t h e  a x i a l  e l e c t r i c  f i e l d  due t o  each harmonic may be 
determined. The P i s  t h e  propagation constant  f o r  the  n th  harmonic 
n 
propagating along the  plasma column i n  t h e  absence of the  e l ec t ron  
stream. 
For t h e  model under cons idera t ion  Maxwell's equations reduce t o  
the  e l e c t r o s t a t i c  equations 
Thus i n  t h e  beam region Poisson's equation, 
appl ies ,  while i n  t h e  region outside of the  beam Laplace's equation 
app l i e s .  The so lu t ion  t o  Eq. C.5 i s  given by 
//
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//
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where I (f3 r )  i s  t h e  zero-order modified Besse l  func t ion  of t h e  f i r s t  
o n 
kind.  The func t ion  of t h e  second kind does not  appear so  t h a t  t h e  
s o l u t i o n  i s  bounded a t  r = 0. By d i f f e r e n t i a t i o n  of Eq.  C .  6 the  
e l e c t r i c  f i e l d  may be found a s  fol lows:  
A t  t h e  beam boundary (r = b ' )  t h e  fol lowing boundary condi t ions  apply: 
and 
while a t  t h e  d r i f t  tube w a l l ,  r = b, 
The s o l u t i o n  t o  t h e  eigenvalue problem def ined  by the  f i e l d  expressions 
f o r  Regions i and ii and by t h e  above boundary condi t ions  y i e l d s  a  
s o l u t i o n  of t h e  form 
Along t h e  a x i s  of F ig .  C . 1 ,  Eq. C . 8  may be w r i t t e n  a s  
where t h e  plasma frequency reduct ion  f a c t o r ,  Rn' i s  def ined  by 
Note t h a t  R i s  a  pure ly  geometric f a c t o r  and has been c a l c u l a t e d  f o r  
n  
7 3 var ious  geometries.  The r ad ian  plasma frequency f o r  t h e  e l e c t r o n  
beam i s  given by 
where I. is  t h e  beam cu r ren t  and u  i s  t h e  dc e l e c t r o n  v e l o c i t y .  I n  
0 
view of Eqs. C . 5  and C . l l  i t  i s  poss ib l e  t o  w r i t e  Eq. C . 9  a s  
j pn(z) E  - - 
nsc -z 
R 
B, . b f 2 c  " 
E - j ~ 0 %  
nsc -z  - p n ( 4  -R2 . 
'n 7 1 ~  n  
I f  t h e  e f f e c t i v e  r ad i an  plasma frequency Wqn.' i s  def ined  by 
one ob ta ins  
u 0) 
2 
E - j  0 qn 
- pn(z) -nsc-z ' n T1o 
Under smal l - s igna l  condi t ions ,  
where v i s  t h e  unperturbed phase v e l o c i t y  f o r  t h e  n th  harmonic. It 
on 
i s  assumed t h a t  E q .  C .  1 4  i s  approximately c o r r e c t  even f o r  l a rge - s igna l  
opera t ion .  Thus Eq .  C . 1 3  may be w r i t t e n  a s  
where @ i s  t h e  instantaneous phase of  t he  n t h  harmonic of t h e  RF wave 
n 
causing t h e  bunching, as def ined  i n  Eq.  3.22. Thus t h e  space-charge 
f i e l d  a t  the  n th  harmonic may be w r i t t e n  a s  
-3 + 1 ( \' ( auovon ) E = -p(z)  e  - 
nsc-z nIo?l (c. 15) 
I f  t h e  space-charge dens i ty  is  expanded i n  a  Four ie r  s e r i e s  i n  
@ a s  i n  Chapter 111, Eq. C . 1 5  becomes 
n 
00 
I cou v 
- - ( ) ( > y R g  e  - j  [ ~ ~ + ( n / d  I E nsc-z u 
0 ' 
n=1 j@n(~lJ@;l )  
. ( k  T e  . (c .16)  
0 1 + 2clu(~l,@;l) 
This expansion i n  a Four ie r  s e r i e s  i n  space i s  v a l i d  provided t h e r e  i s  
l i t t l e  change i n  amplitude of t h e  waves over t h e  few adjacent  RF cyc le s  
and provided t h e  inf luence  of t he  space charge extends no more than  a 
few cyc les  i n  e i t h e r  d i r e c t i o n .  
Since the integrand in Eq. C.16 is uniformly convergent, the 
order of integration and summation may be reversed. Thus 
2nL m R~ 
n -3 [Qn-@;+(n/2) I 
E - 
nsc -z - -%(?)i rl J. -e 2 rcnL 
Since a sinusoidal variation of the space-charge density was postulated, 
the real part of the right-hand side is taken. This yields 
2rrL R2 d@ ' 
- - ( , 1 Piin ( @  -@A) 01 E 
nsc -z Lrl 2rm n 
o n=1 1 + ~ c ~ u ( Y ~ , @ A ~ )  
Defining the one-dimensional space-charge weighting function by 
the space-charge field term for the nth harmonic becomes 
2lrL 
E - _ - -  bvon(" J l-z(@n @"d@al 
nsc-z Lrl (c. 18) 
0 1 + 2c1u(y1,@") 
For the two-dimensional analysis of Chapter IV it is necessary 
to find the two-dimensional space-charge field weighting functions. 
It is assumed that angular spreading of the electron stream can be 
neglected. For the cylindrical symmetry shown in Fig. C.2 the Green's 
function for a delta-function ring of charge in an infinite-conductivity 
F I G .  C . 2  R I N G S  OF CHARGE I N  AN EL;ECTRON STREAM FLOWING THROUGH A 
DRIFT TUBE.  
d r i f t  tube  of r ad ius  b  may t h e r e f o r e  be used. I f  t he  stream of r ad ius  
b  ' i s  d iv ided  i n t o  a number of concent r ic  annular  r i n g s  of charge, two- 
dimens iona,l space -charge e f f e c t s  r e s u l t i n g  i n  r a d i a l  motion can  be 
s tud ied .  
Let G be the  p o t e n t i a l  due t o  a  charged r i n g  loca t ed  a t  r '  and 
z' with  t h e  th ickness  d r '  and dz ' .  Except a t  an a c t u a l  charge po in t  of 
t he  r ing ,  G s a t i s f i e s  t h e  Laplace equat ion 
The boundary condi t ions  a r e  t h a t  t h e  p o t e n t i a l  due t o  t h e  r i n g  of 
charge be zero a t  t h e  d r i f t  tube and go t o  zero a t  z  f a r  from 2'. 
Thus 
~ ( b )  = 0 
and 
So lu t ion  of Eq. C.19 gives  t h e  Green's function87 
where p i s  chosen s o  t h a t  R 
J ~ ( P , ~ )  = 0 . 
The surface charge dens i ty  of t h e  r i n g  i s  
= 2 ~ r r ' p '  d r '  dz '  6(r - r ' )  J ( C  .22) 
Ps 
where 6 ( r  - r ' )  i s  t h e  Dirac  d e l t a  func t ion  def ined  by 
A t  t h e  plane z = z ' ,  where t h e  charge r i n g  is  loca ted ,  t h e  d i s c o n t i n u i t y  
of d ~ / d z  i s  equal  t o  -1/~ mul t ip l i ed  by t h e  sur face  charge d e n s i t y  of 
0 
the  r i n g .  Thus 
and from Eq. (2.20, 
Due t o  t h e  or thogonal i ty  p r o p e r t i e s  of Besse l  functions,Al may be 
determined by mul t ip ly ing  t h e  le f t -hand  s i d e  of Eq. C.25 by r Jo (ps r )  
and i n t e g r a t i n g  between r = 0 and r = b .  A 1 1  terms vanish except 
b  
( c .  26) 
Thus 
I n  view of Gauss ' theorem and from Eq. C.25 t h i s  becomes 
- 
2 2nr ' p '  
As  - E d r '  dz '  6 ( r  - r t )  
ps[" - 1 ((lsb)12 0 
It then  fol lows t h a t  
l r ' p '  A Q  = J ~ ( P ~ ~ ' )  7d r  ' d z '  . 
pl[bJ (plb)12 o  
1 
S u b s t i t u t i n g  Eq. C.27 i n t o  Eg .  C.20 y i e l d s  
The space-charge p o t e n t i a l  may thus  be w r i t t e n  a s  
Since by conservat ion of charge 
p ' r '  d r '  dz '  = p2:  d r '  
0 0 '  
where t h e  zero  subsc r ip t s  denote q u a n t i t i e s  a t  t h e  entrance t o  t h e  
i n t e r a c t i o n  reg ion  and 
where I i s  t h e  dc beam cu r ren t  and u i s  t h e  dc v e l o c i t y  of t he  
0 0 
beam e l ec t rons ,  t h e  space-charge p o t e n t i a l  may be w r i t t e n  as 
The space-charge f i e l d  expressions a r e  found by appropr i a t e  
d i f f e r e n t i a t i o n  of Eq. C.29. Making use of t h e  normalized v a r i a b l e s ,  
one ob ta ins  
and 
where 
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Plasma c o l l i s i o n  frequency i n  rad /s .  
C o l l i s i o n  frequency between beam e l e c t r o n s  and 
plasma p a r t i c l e s  i n  rad /s .  
Normalized Besse l  func t ion  argument. 
Charge d e n s i t y  . 
Dc charge dens i ty .  
Ac charge dens i ty .  
Charge d e n s i t y  due t o  q . 
z 
Linear  charge dens i ty .  
Ent ry  phase of t h e  fundamental RF component, def ined 
by Eq. 3.8 .  
Phase of t h e  nth harmonic component r e l a t i v e  t o  t h e  
phase a t  t h e  en t rance  t o  t h e  i n t e r a c t i o n  reg ion .  
Phase p o s i t i o n  of a charge group t h a t  in f luences  
t h e  charge group a t  Qn, used i n  t h e  space-charge 
f i e l d  weight ing f u n c t  lons . 
Azimuthal coord ina te .  
E l e c t r i c  s u s c e p t i b i l i t y  t enso r .  
Phase angle f o r  a r a d i a l  t ransmission l i n e ,  def ined  
by Eq. 7.10. 
Weighting func t ion  propor t iona l  t o  t h e  r a d i a l  v a r i a t i o n  
of t h e  long i tud ina l  e l e c t r i c  f i e l d  ac ros s  t h e  plasma 
column. 
S i g n a l  frequency i n  r a d l s .  
Beam plasma frequency. 
Elec t ron  cyc lo t ron  frequency. 
Ion  cyc lo t ron  frequency. 
Plasma-plasma frequency. 
Plasma frequency a t  t h e  plasma column edge. 
Maximum plasma frequency i n  t h e  plasma column. 
Reduced plasma frequency of t h e  beam e l e c t r o n s  
f o r  t h e  n th  harmonic. 
S igna l  frequency. 
Frequency i n  t h e  forward-wave branch of t h e  
cu-B diagram where B -+ rn. 
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Nonlinear operation and the saturation characteristics of beam-plasma devices 
are investigated both theore6ically and experimentally. The gain, power output, 
efficiency and the magnitude of the higher harmonic components that pertain to 
such devices are of particular interest. The geometry analyzed in this study 
consists of a cylindrical plasma column, treated in a linear fashion, which serves 
as a slaw-wave circuit along which electromagnetic energy can propagate. A 
cylindrical electron stream, treated in a nonlinear fashion, is assumed to be 
concentric with the plasma column. RF amplification takes place when a fraction of 
the kinetic energy of the stream electrons is converted into RF wave energy. One- 
as well as two-dimensional stream models are used to calculate the RF' currents and 
circuit voltages of the f'undamental signal and its harmonics by use of a digital 
computer. 
An experimental test vehicle is used to correlate the theoretically calcu- 
lated results with those obtained from an actualbeam-plasma interaction. A xenon 
plasma column 10.5 cm long yields electronic gain as high as 35 dB in the vicinity 
of 2 GHz. Harmonic components through the fifth are observed with the second 
harmonic being only 5 dB below the fundamental under certain conditions. Two 
methods of coupling RF energy to the device are employed. The quasi-optical 
technique making use of elliptic cavity couplers reduces the coupling losses 
significantly compared to previously used coupling schemes. 
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